!,

Appl. Math. Lett. Vol. 6, No. 4, pp. 17-19, 1993 0893-9659/93 $6.00 + 0.00
Printed in Great Britain. All rights reserved Copyright(©1993 Pergamon Press Ltd

PARTITIONING THE n-CUBE INTO SETS ‘A? S® E ;
WITH MUTUAL DISTANCE 1

N o S en (fgmg ¢ |0l

A. BLOKHUIS AND K. METSCH
Department of Math. and Comp. Sci., Eindhoven University of Technology :
5600 MB Eindhoven, The Netherlands
G. E. MOORHOUSE
Department of Mathematics, University of Wyoming
Laramie, WY 82071, U.S.A.
R. AHLSWEDE AND S. L. BEZRUKOV
Department of Mathematics, University of Bielefeld
D-4800 Bielefeld, Germany

(Received and accepted March 1993)

Abstract—We consider a problem mentioned in [1], which is in partitioning the n-cube in as many
sets as possible, such that two different sets always have distance one.

1. INTRODUCTION AND APPROACH

Assume that the vertices of the n-cube are partitioned in such a way that the Hamming distance
between each pair of the subsets in the partition is 1. What is the maximal number of such
subsets? Denoting this number by m(n), one can easily check the following table:
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Only the case n = 4 may raise some difficulties. In this case, the 4-cube must be partitioned
into 8 sets, each of size 2, with the required properties. Below we present one such partition
{A;:i=1,...,8}, representing the vertices of the 4-cube as binary strings:
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A, Ao As Ay As Ag Az Ag
0000 1000 0100 0010 0001 0011 0110 0101
3111 1018051020 101001 4100: 4110 08161 3011

PROPOSITION 1. m(n) < v/n2" + 1.

PROOF. Since the n-cube has n2"~! edges and each edge can only realize distance one between
two sets, it immediately follows that ( ) s 4

PROPOSITION 2. m(n) < [ (n)J 0ok

PROOF. If one has a partition of the n-cube into m sets, then one of the sets has at most [2"/m |
elements, and hence, can have distance one to at most |2"/m|n other sets. B

The reason for including this improved upper bound is that it gives the correct values for
1.2 . % |
Now we give a simple lower bound, which later will be improved.

PROPOSITION 3. m(n) > /2",
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PROOF. Consider the 2"~ ! edges of the n-cube having a fixed direction, i.e., which connect
vertices having some (say the first) n — 1 entries equal. These edges are disjoint and partition the
vertices of the n-cube. Now if (’3) < 2"~ 1 there are enough edges to create distance one between
all the m sets because we can label the endpoints of the edges independently of one another.

To be specific, we can consider any system of disjoint sets B; C {0,1}"~! of cardinality
|IB;|l =m—1 (:=1,...,m — 1) and label the vertices in B; x {0} (in any way) withi+1,...,m
and in B; x {1} with i. The remaining vertices in the n-cube can be labelled by any number from
1 to m. &

REMARK 1. Instead of the partition above, one can also partition the vertices of the n-cube
in squares (that is, 2-cubes). Now take m/2 squares and label a pair of diagonal vertices for
all of them with 1 and 2. The other pairs of diagonal vertices of these squares, we label with
(1,2),(3,4),...,(m — 1,m). At this step, we have that the sets given by labels 1 and 2 have
distance 1 with all other sets. Further, take another (m — 2)/2 squares and label one pair of
diagonal vertices of them with 3 and 4, and label similarly to above the other diagonal vertices
with (3,4),...,(m — 1, m). Continuing in such a way one can get a lower bound m(n) > v2n+1,

For the general case, we try to imitate this process: we partition the n-cube in 2"~* k-cubes
and try to partition the k-cube in two parts. One part will contain a fixed set of consecutive
labels, starting with label [, say, distributed in some way, and this will be so for a certain number
of k-cubes, and the other parts will contain all labels [, ..., m if we take these k-cubes all together.
The trick is to find a way to partition the k-cube in such a way that this works and essentially
produces the only edge between any pair (z,7) of subsets. As is easy to see for k = 3, this is not
possible in general, but it can be done if k is a power of 2. This leads us to the following bound:

THEOREM 1. m(n) > ?x/vﬂn.

2. THE CONSTRUCTION

Now we use the dual form of our problem. For a given number m of subsets, we want to find
the minimal dimension n of the unit cube, in which the required partition is possible.

Consider first the unit cube of dimension k& = 2%. Partition this k-cube in two parts, the
words of even weight, and the words of odd weight. Let H be the (extended) Hamming code of
length 2%. So every word in H has even weight, H is a linear code of dimension & — 1 — a and
minimum distance 4.

Now partition the set of words of even weight in cosets of H. It follows that every word of
odd weight has a unique neighbor in each even coset of H. Indeed, if some such word « has at
least two neighbors 3, in some coset, then the Hamming distance between 3 and vy is 2, but the
minimum distance in the code and all its cosets is 4.

To make the description a little bit easier, we make our construction in two steps. At the first
step, we produce for every pair (1, 7) of subsets two edges connecting them. At the second step,
we improve the construction by producing almost each pair (7, 5) once.

Let m = 22°~! and partition the set {1,...,m} in 22" =%~! groups of consecutive numbers.
Therefore, each group is of size 2%, which equals the number of even cosets of H. Now for the 4
group we take a k-cube and label its points as follows. Every even coset of H gets its own fixed
number from the [*! group. The words of odd weight all get different labels 1,...,m. Since the
number of such words is exactly m, this is precisely possible. We now have realized connections
between all pairs (4,j) of subsets with ¢ in the I*" group and j arbitrary. Next we do the same
forenchl (i=08 ... 2" "L |

The total number of 2%-cubes we use in this process equals the number of groups, i.e., 9%
So this produces a partition of the cube of dimension n = 24*t! —a —1 in m = 22" 1 sets and for

m/v/n2", we get

—a—1

22“—1

V(20+1 = (a + 1))22*F1-(e+1) :

and this tends to 1/2 as a — o0.
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What is not so good in this construction is that we produce exactly two edges between each pair
of subsets, while if we like to reach the upper bound v/n2", almost each pair of them should be
linked by just one edge. To achieve that, choose m = b-22"~1. Partition again the set {1,...,m}
in b hypergroups of size 22" ~! of consecutive numbers. Further, partition each hypergroup in
22°—a-1 groups of size 2% of consecutive numbers.

Consider the first hypergroup now. For the group with number [ (I = 1,...,22"72"1), we
take b subcubes of dimension 2% and label their points as follows. Every even coset of H gets
its own fixed number from the I*" group as above. The words of odd weight of the p*! subcube
(p = 1,...,b) get different labels from the p*? hypergroup. Now we have realized connections
between pairs (7, 7) of subsets with ¢ in the first hypergroup and j arbitrary. ¥

In the next step, we consider the second hypergroup, take for each group of it b — 1 subcubes
of dimension 2%, and repeat the procedure in the last paragraph with the only difference being
that we forget about the first hypergroup now, so that way we produce edges of type (2, 7) with ¢
in the first hypergroup and 7 in the second only once.

In general, we consider the hypergroup with number q (¢ = 1,...,b), take for each group of it..
exactly b — ¢ + 1 subcubes of dimension 2%, and repeat with them the procedure above, labeling
the odd weight vertices of them with numbers from the hypergroup with numbers ¢,q+1,...,b.
~ In such a way, we get the only edge between subsets (%, 7) (¢ < ) with ¢, 7 taken from different

hypergroups, and exactly two edges of type (¢, 7), if 7, 7 belong to the same hypergroup. Therefore,
when the number of hypergroups is large enough, we realized the only edge between almost all
pairs of subsets.

The number of 2%-cubes we used now equals "

b(b + 1) 22“—(1—-1
2 "

9% ~o=lo(blb=1) i+ 1) =

Let b = 2¢ — 1, then b(b — 1)/2 < 22¢=!. Therefore, we have a partition of the unit cube of
dimension 22! —a — 1 + 2¢ — 1 into (2¢ — 1) - 22—~ gets, and the ratio m/v/n2" converges to
Vv2/2 as ¢ — 00, a — o0, ¢/a — 0.

3. FINAL REMARKS

The problem we considered above for the hypercube can be stated for graphs in general. So
for a graph G, the problem is to determine m(G) = the maximal number of sets in a partitioning
of the vertex set of G with the property that between two different sets there always is at least
one edge. If e = e(G) is the number of edges of G, then, as in Proposition 1, we have

m
iy
or roughly m < v/2e. Now we have shown that for the hypercube, this trivial upper bound is

the correct value up to a constant factor, but the question remains how special this property is.
Using standard probabilistic arguments, it is not hard to see that

m(G) L
V2e(G)

but it would still be interesting to have an explicit family of graphs G;, + = 0,1,2,... with
lim m(G;)/+/2e(G;) = 0. We conjecture that this is true for the Paley graphs.
1— 00 2

lim inf
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