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Abstract. The domino tilings (with one monomer) in A270668 are counted

for the 5 × (2m + 1) floor by means of the transfer matrix method.

1. State Vectors

In the notation of [3, 4, 5], there are 50 states of the incremental “front line” of
paving the 5× k floor with dominoes, starting from a straight wall (00000): Figure
1.

2. Complementary “Front” Lines

We stack dominoes starting at the straight left and at the straight right wall up
to and avoiding the central square. The different configurations of covering the two
squares above and below the central square are illustrated in Figure 2.

The technique of counting the elements of the third row of the OEIS table is
to convert the associated generating functions approaching the center from the left
and from the right into individual sequences, and to multiply matching counts from
the left and right for matching configurations: If ln is the number of tilings with n
dominoes left from the center and rn the number of tilings with n dominoes right
from the center, lnrn is basically the number of tilings with 2n dominoes. (Details
differ because the number of dominoes to the left and to the right may differ by 1
or 2 if the configuration is not left-right symmetric.)

Definition 1. The (Hadamard) product of two sequences an and bn is defined here
by the sequence with elements cn ≡ anbn.

Theorem 1. If the generating functions of an and bn are rational generating func-
tions, the (Hadamard) product has also a rational generating function [7, §4.2.5].

See [1, 2] for constructive algorithms for generating functions of Hadamard prod-
ucts.

3. Nine Center Configurations

If we enumerate the distinct configurations from 1 to 9 as in Figure 2, the
contributions are as follows:
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Figure 1. Illustration of the vector of heights, the profile of the
covered region into the uncovered part of the floor.

• If there are two upright dominoes in the middle as in configuration 1, the
two states from the left and right need to reach the (00000) state so their
front lines fit to the center. The generating function for this case is [6,
A003775]

(1) g0000(z) =
(1− z5)(1− 6z5 + z10)

1− 15z5 + 32z10 − 15z15 + z20

= 1 + 8z5 + 95z10 + 1183z15 + 14824z20 + · · ·

The exponents e (multiples of 5) correspond to the number of dominoes
to be added. The area of the dominoes is 2e. The area of the left or
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Figure 2. Variants of placing dominoes around the central
square of the 5× k board.
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right region is 5k, and the requirement is 2e | 5k, so k must be even. The
tilings in the left and right sub-area are independent, so this contributes
the squares 1, 82 = 64, 952 = 9025, 11832 = 1399489 . . . to the total, (see
the 5th row and column of [6, A189245]):

(2)

g1(z) =
1− 128x + 2497x2 − 13954x3 + 26240x4 − 13954x5 + 2497x6 − 128x7 + x8

(1− x)(x2 − 7x + 1)(x2 − 23x + 1)(x4 − 161x3 + 576x2 − 161x + 1)

= 1 + 64x + 9025x2 + 1399489x3 + · · · , x ≡ z5

• In configuration 2 we need to reach state (11100) from the right and state
(00000) from the left. The generating function from the left is again (1),
and from the right

(3) g11100 =
z4(3− 4z5 + z10)

1− 15z5 + 32z10 − 15z15 + z20

= 3z4 + 41z9 + 520z14 + 6533z19 + 81967z24 + · · ·

There is already a total of 1 domino protruding into the right region, so we
multiply this generating function by z before combining the data with the
left region. In addition wee see from Figure 2 that by rotations and flips
that geometry appears with a multiplicity of 4 in the total. So 4 times the
product of the sequences (1) and (3) is

(4) g2 = 4x
24− 713x + 5560x2 − 13120x3 + 8394x4 − 1784x5 + 104x6 − x7

(1− x)(x2 − 7x + 1)(x2 − 23x + 1)(x4 − 161x3 + 576x2 − 161x + 1)

= 96x + 15580x2 + 2460640x3 + 387380768x4 + · · ·

where x ≡ z5, 4× 3× 8 = 96, 4× 41× 95 = 15580 etc.
• In configuration 3 the left and the right region are both represented by

(3). The multiplicity of the arrangement is 2 (from the left-right flip). The
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sequence of two times the square of (3) is

(5) g3 = 2x
9− 47x− 512x2 + 2302x3 − 3346x4 + 1024x5 − 71x6 + x7

(1− x)(x2 − 7x + 1)(x2 − 23x + 1)(x4 − 161x3 + 576x2 − 161x + 1)

= 18x + 3362x2 + 540800x3 + 85360178x4 + · · ·

where and x ≡ z5, 18 = 2× 32, 3362 = 2× 412 etc.
• There is no contribution from configuration 4, because neither the (10101)

state is reachable from the right nor the (01110) from the left.
• In configuration 5 we need to reach (10110) or (01101) from the right and

the same from the left. The generating function for state (10110) and
(01101) is

g10110 =
z9(z5 + 1)

1− 15z5 + 32z10 − 15z15 + z20
= z9 + 16z14 + 208z19 + 2623z24 + · · ·

and there is a multiplicity 2 from an up-down flip. The state is actually
registered as (21101) so the power is 5 less. Two times the squares con-
tribute

(6) g5 = 2x
1 + 64x− 128x2 − 1282x3 − 128x4 + 64x5 + x6

(1− x)(x2 − 7x + 1)(x2 − 23x + 1)(x4 − 161x3 + 576x2 − 161x + 1)

= 2x + 512x2 + 86528x3 + 13760258x4 + · · ·

• In configuration 6 we need to approach state (00100) from the right and
state (00000) from the left (as already evaluated in (1)). The generating
function for state (00100) is

g00100 =
z3(1− z10)

1− 15z5 + 32z10 − 15z15 + z20
= z3+15z8+192z13+2415z18+30305z23+· · · ,

and we need to lift this by adding 2 to the exponents because 2 dominoes
are protruding into the right region. The right-left symmetry indicates a
multiplicity of 2. The product by (1) gives

(7) g6 = 2x
8− 111x− 384x2 + 3584x3 − 3218x4 + 960x5 − 72x6 + x7

(1− x)(x2 − 7x + 1)(x2 − 23x + 1)(x4 − 161x3 + 576x2 − 161x + 1)

= 16x + 2850x2 + 454272x3 + 71599920x4 + · · ·

where 16 = 2× 1× 8, 2850 = 2× 95× 15 etc.
• In configuration 7 the state (01100) or (00110) is reachable from the left

but not (11101) or (10111) from the right. So there is no contribution from
that configuration.
• In configure 8 we need to reach (00101) or (10100) from the left and (11110)

from the right. The states from the left are unreachable, so there is no
contribution from configuration 8.
• In configure 9 we need to reach (11101) or (10111) from the left and (11110)

or (01111) from the right. the states from the left are unreachable, so there
is no contribution from configuration 9.
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4. Summary

The generating function for the third column and third row of [6, A270668] is

(8) g(x) = g1(x) + g2(x) + g3(x) + g5(x) + g6(x)

=
1 + 4x− 543x2 + 6238x3 − 17032x4 + 6238x5 − 543x6 + 4x7 + x8

(1− x)(x2 − 7x + 1)(x2 − 23x + 1)(x4 − 161x3 + 576x2 − 161x + 1)

= 1 + 196x + 31329x2 + 4941729x3 + 777852100x4 + · · ·
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