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1) The integrals of type 
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Proof: From the Euler pentagonal theorem [2], [3], [5], [6], [8], [9] follows 
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In general 
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The following integral (where    ) tends to infinity, the asymptotic growth is 

 

          

 

   

   
 

 

     
          

    
 

Special case for     

         

 

   

         
    

  

 

 

 

  

http://oeis.org/A258232
http://mathworld.wolfram.com/PentagonalNumberTheorem.html
http://oeis.org/A258408
http://oeis.org/A258414
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2) The integrals of type 

          
 

   

   
 

 

 

(where    , fixed) 

 

   , A258232 (again, for completeness) 
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Proof: From the Hecke-Rogers identity [3] follows 

 

          

 

   

   
 

 

               
       

 
   

        
 

 
 
 
 

    
 
 
 

 

   

 

 

     
       

       
 

 
        

 
   

 
 
 
 

    
 
 
 

 

   

 

 

From the similar formula by Andrews [4], [3] follows 
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Proof: From the Jacobi triple product [2], [3], [6], [7], [8], [9] follows 

 

          
 

   

   
 

 

                           

 

   

   
 

 

  
            

       
 

  

 

   

 
   

     
    

 
 

 

In general 

          
 

 

   

   
 

 

                            

 

   

   
 

 

  
            

       
 

  

 

   

 

if 0 < j < 8 

          
 

 

   

   
 

 

 
  

      
 
 

 
 
 
   

 

if j = 8 

           
 

   

   
 

 

 
 

 
 

if j > 8 

          
 

 

   

   
 

 

 
  

     
 
 

   
 
 
 

 

Special values:  

           
 

   

   
 

 

 
 

       
 
 
 

 
 

          
                                     

 

   

   
 

 

 
  

    
 

http://oeis.org/A258232
http://oeis.org/A258406
http://mathworld.wolfram.com/DedekindEtaFunction.html
http://oeis.org/A258407
http://mathworld.wolfram.com/JacobiTripleProduct.html
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This efficient program under the Mathematica compute the integral numerically (for m=4, from "nmax" terms) 

nmax=200; p=1; 

q4=Table[PrintTemporary[n]; 

p=Expand[p*(1-x^n)^4]; Total[CoefficientList[p,x]/Range[1,Exponent[p,x]+1]],{n,1,nmax}]; 

q4n=N[q4,1000];  

Table[SequenceLimit[Take[q4n,j]],{j,Length[q4n]-100,Length[q4n],10}] 
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3) Miscellaneous integrals 
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The following integrals tends to infinity, the asymptotic growth is 

 

          
 

   

         
             

  

 

 

 

 

          

 

   

         
     

  

 

 

 

 

 

The following integral tends to zero if n tends to infinity, the asymptotics is 
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