
‘Optimal ascending continued fraction expansion’ of square roots of natural numbers 

Definition of  ‘optimal ascending continued fraction expansion’: (A228929 in OEIS) 

For a positive real number x, there is always a unique sequence of signed 
integers with increasing absolute value | | | | such that  
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or equivalently  
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giving the fastest converging series with this representation. 
The series can also be represented by this ascending continued fraction: 
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For rational numbers the expansion has a finite number of terms, for irrationals 
an infinite number. 
 
Algorithm for calculating the terms of the expansion: 

Given a positive real number x, let  and 
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then for n>0  
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Regularities in the expansion of some quadratic irrationals 
 
In general this expansion doesn’t present evident regularities, but for some 
quadratic irrationals there is empirical suggestion of recurrence relations 
between the terms of the expansion. 
Let see for example what happens with √2 : the fist terms of the expansion are 

2, -6, 34, 1154, 1331714, 1773462177794, 3145168096065837266706434,… 

and an easy calculation shows that from the third term onward each term is 
positive and can be obtained by the quadratic recurrence relation -2. 
The conjecture is that all subsequent terms are positive and are generated by 
this recurrence relation. 
As an hint for the proof of the conjecture, let us explore the sequence of 
numbers  generated by relation (4):  

√2 1, 2√2 3, 12√2 17, 408√2 577, 470832√2 665857, 627013566048√2 886731088897,…  

All the numbers are expressible in this format: √2 with  and  
signed integer numbers (this is peculiar to quadratic irrationals). The ratio of 
each couple of numbers gives an approximation to √2, better with increasing n, 
so it is interesting to calculate the difference between the squares of the two 
parts: 2  . The resulting sequence is: -1, 1, 1, 1, 1, 1, 1. 
It seems that from the third term on the numbers are solutions of Pell’s 
equation 2 1. 
Exploring other quadratic irrationals that show a recurrence relation like √2 , 
it seems that always from some term onward all the couples of numbers are 
solutions of Pell’s equation. Now we can prove the following 
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Theorem: (with the preceding notations) if, for some k>0, 0 and 2 1 
then for n>=k 0 and 2 1 and 2  
Proof: the proof is based on this relation:  

 2 √ 1 2  for a>=2 so √ 1 2  (6)
From the hypothesis  
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From (4) we get 
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 √2 · 1 1  from (7)

 √2 · 2 1  from (6)
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So we have these recurrence relations: 

 2 1 2   (8)

Now prove that the parts of  are solutions of Pell’s equation: 

 2 2 1 2 2   from (8)

 4 1 4 4 1  from (7)

 4 1 4 4 4 1 Q.E.D.

Finally prove that 2  taking into account that 

 | |      
| |
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So we have: 

 2       2 2 2 2   from (9)

 
The above proof is valid also if we have to expand the square root of another number u and in this 
case the relations are: 
 √  1   

 
Investigating the relation of the numbers  with Pell’s equation, one finds that if √  is a 
number satisfying the relation 1 then the subsequent numbers can be obtained by this 
formula: 

 √ √ √ √
√
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The recurrence relation 2 is not valid for the square root of all numbers  (see A228931 
in OEIS). The first non-square number for which it is not valid is 43, but there are combinations of 
its square root with other numbers, like 3√43 or √  , for which it is valid. And there are also 
combinations of √2 with other numbers, like 13√2 , for which the recurrence is no more valid. 
 
Open questions 
These are some possible questions to investigate, beyond my capabilities: 

http://oeis.org/A228931


• Conjecture (maybe false): if from a term onward all the terms of the expansion of a 
quadratic irrational are positive, then they satisfy the recurrence relation 2 and 
the relative terms of the sequence (4) are solutions of Pell’s equation. 

• Conjecture (maybe false): the numbers for which the expansion has a queue of all positive 
terms can only be quadratic irrationals 

• How can we characterize the quadratic irrationals for which the expansion satisfies the 
recurrence relation 2 ? 

• Some quadratic irrationals, like √44 and √154 , seem to have in their expansion a queue of all 
negative terms and satisfy a different recurrence relation (see A228934 in OEIS): how can 
we characterize them ? 
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