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Abstract. The Chebyshev series expansion of the (Incomplete) Elliptic Inte-

gral of the Second Kind E(m,ϕ) is evaluated.

1. Introduction and Scope

Definition 1. The Chebyshev polynomials Tn(x) are even or odd functions of x
defined as [1, (22.3.6)][4, (3.6)]

(1) T0(x) = 1, Tn(x) =
n

2

bn/2c∑
m=0

(−)m
(n−m− 1)!

m!(n− 2m)!
(2x)n−2m, n = 1, 2, 3 . . .

where the Gauss bracket b.c denotes the largest integer not greater than the number
it embraces.

The polynomials are orthogonal over the interval [−1, 1] with weight function

1/
√

1− x2 [1, (22.2.4)][7, (4.2)][2]

(2)

∫ 1

−1
Tn(x)Tm(x)

dx√
1− x2

=

 π , n = m = 0,
π/2, n = m 6= 0,
0 , n 6= m.

Elliptic Integrals of the Second Kind [6, 3, 15, 17, 10, 11] are:

Definition 2. (Elliptic Integrals of the second kind) [1, 17.2.9]

(3) E(m,ϕ) ≡
∫ ϕ

0

(1−m sin2 ϑ)1/2dϑ.

Definition 3. (Complete Elliptic Integrals of the second kind)

(4) E(m) ≡ E(m,π/2).
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2. Fourier-Chebyshev expansion of (1−m sin2 ϕ)1/2

The integrand of (3) is expanded in a binomial series [1, (3.6.11)] and written
with the aid of [13, 1.320.1] and [1, (22.3.15)]

(5) (1−m sin2 ϕ)1/2 =

∞∑
n=0

(
1/2

n

)
(−m)n sin2n ϕ

=

∞∑
n=0

(
1/2

n

)
(−m)n

1

22n

(
2n

n

)
+

∞∑
n=1

(
1/2

n

)
(−m)n

1

22n−1

n−1∑
k=0

(−)n−k
(

2n

k

)
T2n−2k(cosϕ).

In the first term, the binomials are converted to Pochhammer Symbols [18, 19]
and the power series in m is recognized as a Gauss Hypergeometric Function [1,
(17.3.10),(15.3.15),(15.4.7)]

(6)

∞∑
n=0

(
1/2

n

)
(−m)n

1

22n

(
2n

n

)
= 2F1

(
−1

2
,

1

2
; 1;m

)
=

2

π
E(m).

Remark 1. Because the power series converges poorly if m→ 1, expansion around
m = 1 is often considered instead, which is is written as

(7) E(m) ≡ E1(η)− E2(η) ln η; η ≡ 1−m,

where E1 and E2 are power series of their argument [1, (15.3.11),(17.3.36)] [6, 14].

Remark 2. The hypergeometric series [1, 17.3.12]

(8) E(m) =
π

2
2F1(−1

2
,

1

2
; 1;m),

is well known. The coefficients are sequence A010370 of the OEIS [20].

The second term in (5) is re-summed with α ≡ n− k,

(9)

∞∑
n=1

(
1/2

n

)
(−m)n

1

22n−1

n−1∑
k=0

(−)n−k
(

2n

k

)
T2n−2k(cosϕ)

=

∞∑
α=1

∞∑
k=0

(
1/2

α+ k

)
(−m)α+k

1

22(α+k)−1
(−)α

(
2(α+ k)

k

)
T2α(cosϕ)

=

∞∑
α=1

mα 1

22α−1
T2α(cosϕ)

∞∑
k=0

(
1/2

α+ k

)
(−m)k

1

22k

(
2α+ 2k

k

)
︸ ︷︷ ︸

Γ(3/2)

Γ(α+ k + 1)Γ( 3
2 − α− k)

(−m
4

)k
Γ(2α+ 2k + 1)

k!Γ(2α+ k + 1)

=

∞∑
α=1

mα 1

22α−1
T2α(cosϕ)

(
1/2

α

)
2F1 (α− 1/2, α+ 1/2; 2α+ 1;m)

= 2

∞∑
α=1

(
1/2

α

)(m
4

)α
T2α(cosϕ) 2F1 (α− 1/2, α+ 1/2; 2α+ 1;m) .
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Plugging this and (6) into (5) gives the Fourier-Chebyshev expansion

(10)

√
1−m sin2 ϕ = 2F1(−1

2
,

1

2
; 1;m)T0(cosϕ)

+ 2

∞∑
α=1

(
1/2

α

)
(
m

4
)α 2F1(α− 1

2
, α+

1

2
; 2α+ 1;m)T2α(cosϕ)

= 2

∞∑′

α=0

(
1/2

α

)
(
m

4
)α 2F1(α− 1

2
, α+

1

2
; 2α+ 1;m)T2α(cosϕ).

The tic mark at the sum symbol means that the contribution of the term build by
the summation index at zero is halved before added.

Because this is the first derivative of E, we conclude from numerical tests that
dE/dϕ is accurate to about

(11)
6× 10−19 atϕ = 0.6,m = 0.2
1× 10−12 atϕ = 0.6,m = 0.5
3× 10−7 atϕ = 0.6,m = 0.8

with 12 terms (α ≤ 12) in this series. (The first numbers in this table are relative
accuracies).

3. Taylor Series of the Incomplete Elliptic Integral

The integrated binomial expansion of (5) is

(12) E(m,ϕ) =

∫ ϕ

0

√
1−m sin2 ϑdϑ =

∞∑
n=0

(
1/2

n

)
(−m)n

∫ ϕ

0

sin2n ϑ dϑ

=

∞∑
n=0

(
1/2

n

)
(−m)n

[
1

22n

(
2n

n

)
ϕ+

(−)n

22n−1

n−1∑
k=0

(−)k
(

2n

k

)
sin(2n− 2k)ϕ

2n− 2k

]
.

It is a Taylor expansion in m and a Fourier expansion in ϕ. The term at n = 0 (the
lowest order term corresponding to m = 0) is just ϕ.

Remark 3. In numerical practise, partial integration leads to a recursive version
of the representation [5]:

(13) 2n

∫ ϕ

0

sin2n θdθ = − sin2n−1 ϕ cosϕ+ (2n− 1)

∫ ϕ

0

sin2n−2 θdθ.

The pre-integrated term may also be evaluated recursively: At n = 1, sinϕ cosϕ =
1
2 sin(2ϕ). And multiplication with sin2 ϕ is a multiplication by [1− cos(2ϕ)]/2.

The power series of E(m,ϕ) is generated by repeated differentiation of the nested

function ∂E
∂ϕ =

√
1−m sin2 ϕ. Defining

√
1−mx2 = F (x), x = sinϕ, the deriva-

tive of the outer function is [13, 0.430.1][16]

(14)
dnF (ϕ)

dϕn
=
U

(n)
1

1!
F ′(x) +

U
(n)
2

2!
F ′′(x) + · · ·+ U

(n)
n

n!
F (n)(x).

In this case

(15) F (x) =

∞∑
n=0

(
1/2

n

)
(−mx2)n =

∞∑
n=0

xn

n!

∂nF

∂xn |x=0
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with power series coefficients [20, A079484]

(16) F (n)(x) =

 0 ,n odd

−m
n/2[(n− 1)!!]2

n− 1
,n=2,4,6,8,. . .

=


−m n = 2;
−3m2 n = 4;
−45m3 n = 6;
. . . . . .

The inner derivatives are [13, 0.430]
(17)

U
(n)
k =

d

dϕn
sink ϕ− k

1!
sinϕ

dn

dϕn
sink−1 ϕ+

k(k − 1)

2!
sin2 ϕ

dn

dϕn
sink−2 ϕ+· · ·+(−)k−1k sink−1

dn

dϕn
sinϕ.

Because F (k)(ϕ) = 0 for odd k, we are only interested in even k. Because the
aim is to calculate the derivatives (14) in the limit ϕ → 0, we effectively are only
calculating the first term of (17) because the powers of sinϕ remove contributions
from the others:

(18) U
(n)
k =

d

dϕn
sink ϕ.

For k > n, this is zero in the limit ϕ → 0, because sinϕ is proportional to ϕ at

small ϕ. For k ≤ n we insert sinϕ = eiϕ−e−iϕ
2i in (18) and again execute the limit

for even k,

(19)
d

dϕn
sink ϕ =

1

2k(−)k/2
d

dϕn

k∑
l=0

(
k

l

)
(−)k−lei(2l−k)ϕ

→ (−)k/2+n/2

2k

k∑
l=0

(
k

l

)
(−)l(2l − k)n = U

(n)
k .

We’re also only interested in even n, because F is an even function of ϕ, and the
contributions of odd n to (14) vanish.

(20)
d

dϕn
(1 − mx2)1/2 =

U
(n)
2

2!
F (2)(x)︸ ︷︷ ︸
−m

+
U

(n)
4

4!
F (4)(x)︸ ︷︷ ︸
−3m2

+
U

(n)
6

6!
F (6)(x)︸ ︷︷ ︸
−45m3

Example 1.

(21)

d

dϕ4
(1−mx2)1/2 =

U
(4)
2

2!
F (2)(x)︸ ︷︷ ︸
−m

+
U

(4)
4

4!
F (4)(x)︸ ︷︷ ︸
−3m2

= −8

2
(−m)+

24

4!
(−3m2) = 4m−3m2

and this is inserted into the Taylor expansion of E,

(22) E(m,ϕ) = mϕ− m

3!
ϕ3 +

1

5!
(4m− 3m2)︸ ︷︷ ︸ϕ5 + · · ·

where the coefficient in front of ∂nE(m,ϕ)/∂ϕn is determined by dn−1F (ϕ)/dϕn−1.
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Figure 1. The absolute value |qn| of the coefficients in the Taylor
expansion E(m,ϕ) =

∑∞
n=1,3,5,... qn(m)ϕn.

The results of the expansion of E in this bivariate power series of m and ϕ can be
phrased as the Table 1 of integers, equivalent to sequence A120362 of the OEIS [20],
or discussed in terms of the diminishing of the expansion coefficients for increasing
powers as in Figure 1.

4. Taylor series of the inverse

4.1. Inverse Complete Elliptic Integral. Equation (8) proposes a power series
inversion of the form

(23) m =

∞∑
j=0

Mj [L(m)]j ,

where L(m) ≡ 2
πE(m)− 1. E is in the range 1 ≤ E(m) ≤ π/2, so L is in the range

0 ≤ L(m) ≤ 0.5708. The low-order coefficients ML are gathered in Table 2.
We plug this ansatz into

(24)

√
1−m sin2 ϕ =

∞∑
l=0

(
1/2

l

)
(−m)l sin2l ϕ,

=

∞∑
l=0

(
1/2

l

)
(−)l

(
M0 +M1L(m) +M2L

2(m) +M3L
3(M) + · · ·

)l
sin2l ϕ,
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Table 2. Coefficients Mj of m =
∑∞
j=0Mj [L(m)]j according to (23).

j
1 -4≈ -4.000000e+00
2 -3≈ -3.000000e+00
3 1/2≈ 5.000000e-01
4 -5/8≈ -6.250000e-01
5 15/16≈ 9.375000e-01
6 -203/128≈ -1.585938e+00
7 373/128≈ 2.914062e+00
8 -11637/2048≈ -5.682129e+00
9 47445/4096≈ 1.158325e+01

10 -200211/8192≈ -2.443982e+01
11 1736661/32768≈ 5.299869e+01
12 -61615957/524288≈ -1.175231e+02
13 278370715/1048576≈ 2.654750e+02
14 -1277419515/2097152≈ -6.091211e+02
15 1485167693/1048576≈ 1.416366e+03
16 -447159319511/134217728≈ -3.331597e+03
17 2124891688311/268435456≈ 7.915838e+03
18 -20374453075051/1073741824≈ -1.897519e+04
19 49224941414375/1073741824≈ 4.584430e+04
20 -1916238411650325/17179869184≈ -1.115398e+05

and write this as a power series of L(m) by expanding all the (. . .)l

(25)

= 1−
(

1/2

1

)
sin2 ϕL(m)+

[
−
(

1/2

1

)
sin2 ϕ+

(
1/2

2

)
sin4 ϕ

]
L2(m)+. . . L3(m)

where the coefficients are polynomials in sin2 ϕ. This is then integrated over ϕ,
individually for each power of L(m), and represents an expansion

(26) E(m,ϕ) = Φ0(ϕ)︸ ︷︷ ︸
ϕ

+Φ1(ϕ)L(m) + Φ2(ϕ)L2(m) + Φ3(ϕ)L3(m) + . . .

4.2. Numerical. A purely numeric approach to calculating the inverse (which is
calculating ϕ for a given E) would be a Newton Method [12] based on

(27)
∂

∂ϕ
E =

√
1−m sin2 ϕ,

(28)
∂2

∂ϕ2
E = − m sinϕ cosϕ√

1−m sin2 ϕ
= −m sin(2ϕ)

2∂E/∂ϕ
,

searching for a zero of

(29) E(m,ϕ)− E = 0 (= f(ϕ)),
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for a given E by iterations
(30)

ϕ(n+1) = ϕ(n)− f

f ′
− 1

2

f2f ′′

f ′3
= ϕ(n)− E(m,ϕ)− E√

1−m sin2 ϕ
+
m [E(m,ϕ)− E]

2
sinϕ cosϕ

2(1−m sin2 ϕ)2

The second order Newton term is obtained by ignoring the f ′′′ in the Taylor ap-
proximation around E(m,ϕ) ≈ E.

4.3. Analytical. The power series of ϕ(E) can be build by iterative differentiation
of

(31)
dϕ

dE
=

1

dE/dϕ
=

1√
1−m sin2 ϕ

with the Bürmann-Lagrange series. We illustrate the construction of the first three
terms.

(32)
dϕ

dE
=

1√
1−m sin2 ϕ

→ 1 (ϕ = 0).

(33)
d2ϕ

dE2
= −1

2

1

(1−m sin2 ϕ)3/2
·(−2m sinϕ) cosϕ· dϕ

dE︸︷︷︸
1

=
m sinϕ cosϕ

(1−m sin2 ϕ)3/2︸ ︷︷ ︸
≡[]

dϕ

dE
→ 0 (ϕ→ 0).

(34)
d3ϕ

dE3
=

d

dE
[]︸ ︷︷ ︸

d
dϕ [] dϕdE

dϕ

dE
+ []

d2ϕ

dE2
=

∂

∂ϕ

[
m sinϕ cosϕ

(1−m sin2 ϕ)3/2

]
dϕ

dE
· dϕ
dE

+ []
d2ϕ

dE2

= m

[
cos2 ϕ− sin2 ϕ

()3/2
− 3

2

sinϕ cosϕ

()5/2

]
︸ ︷︷ ︸

→1

(
dϕ

dE
)2︸ ︷︷ ︸

→1

+ []︸︷︷︸
→0

· d
2ϕ

dE2︸︷︷︸
→0

→ m (ϕ→ 0).

The procedure continues in the manner outlined for nested derivatives in Section
3. The coefficients are illustrated in Table 3.

The poor convergence of this process for m close to unity is illustrated in Figure
2. The inverse function obviously has a singularity at m = 1.

5. Chebyshev Series of the Integral Kernel

The Chebyshev expansion of E(m,ϕ) as a function of ϕ is developed by introduc-
ing the Chebyshev expansion of the kernel, and integrating this in a post-processing
step.

(35)

√
1−m sin2 ϕ =

∞∑′

n=0

anTn(2ϕ/π) 

∞∑′

n=0,2,4,...

an =
√

1−m if ϕ = π/2.

Projection of an with the orthogonality of (2) yields
(36)

an =

(
2

π

)2 ∫ π/2

−π/2

√
1−m sin2 ϕ

Tn( 2ϕ
π )√

1− ( 2ϕ
π )2

dϕ =
2

π

∫ π

0

√
1−m sin2 π cosϑ

2
cos(nϑ)dϑ.
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Figure 2. The absolute value |q̂n| of the coefficients in the Taylor
expansion ϕ =

∑∞
n=1,3,5,... q̂n(m)[E(m,ϕ)]n.

where we substituted 2ϕ/π = x and x = cosϑ and Tn(cosϑ) = cos(nϑ) [1, 22.3.15].
As before with proceed with the binomial expansion plus Fourier expansion of odd
powers of the sines [13, 1.320.1]

(37)

√
1−m sin2 π cosϑ

2

=

∞∑
l=0

(
1/2

l

)
(−m)l

1

22l

(
2l

l

)
+

∞∑
l=1

(
1/2

l

)
(−m)l

1

22l−1

l−1∑
k=0

(−)l−k
(

2l

k

)
cos[π(l−k) cosϑ]

This inserted into (36) produces by the first term

(38)

∞∑
l=0

(
1/2

l

)
(−m)l

1

22l

(
2l

l

)
︸ ︷︷ ︸

seeabove

∫ π

0

cos(nϑ)dϑ︸ ︷︷ ︸
πδn,0

= π2F1(−1

2
,

1

2
; 1;m)δn,0.

The integration of the second term uses [1, (9.1.21)]

(39)

∫ π

0

cos[π(l − k) cosϑ] cos(nϑ)dϑ = π(−)n/2Jn((l − k)π),

in full writing. . .

(40)  
∞∑
l=1

(
1/2

l

)
(−m)l

1

22k−l

l−1∑
k=0

(−)l−k
(

2l

k

)
π(−)n/2Jn((l − k)π).
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As above this is re-summed with l − k ≡ α

(41) = π(−)n/2
∞∑
α=1

mα

22α−1
Jn(πα)

∞∑
k=0

(
1/2

α+ k

)
(−m)k

1

22k

(
2α+ 2k

k

)
︸ ︷︷ ︸
(−)α+1 (1/2)α

α!(2α−1) 2F1(α− 1
2 ,α+

1
2 ;2α+1;m)

= π(−)n/2+1
∞∑
α=1

(−m
4

)αJn(πα)
(1/2)α

α!(α− 1
2 )

2F1(α− 1

2
, α+

1

2
; 2α+ 1;m).

(42)

 an = 2δn,0 2F1(−1

2
,

1

2
; 1;m)︸ ︷︷ ︸

2E(m)/π

+2(−)1+n/2
∞∑
α=1

(−m
4

)αJn(πα)
(1/2)α

α!(α− 1
2 )

2F1(α−1

2
, α+

1

2
; 2α+1;m).

This ought reproduce [1, (17.3.35)], perhaps in conjunction with [1, (15.3.11)]. So
far this provides the expansion

(43)

√
1−m sin2 ϕ =

∞∑′

n=0

anTn(2ϕ/π).

Lemma 1. [7, (4.8)][8, p. 54][9, (2.12)]

(44)

∫
Tn(x)dx =


T1(x), n = 0,
1
4T2(x), n = 1,
1
2

(
Tn+1(x)
n+1 − Tn−1(x)

n−1

)
, n > 1,

We integrate (43) with this lemma,

(45) E(m,ϕ) =

∫ ϕ

0

√
1−m sin2 θdθ =

a0
2
ϕ+

∑
n=2,4,6,...

an

∫ ϕ

0

Tn(
2ϕ

π
)dϕ

=
a0
2
ϕ+

∑
n=2,4,6,...

an
π

2

∫ 2ϕ/π

0

Tn(x)dx

=
a0
2

ϕ︸︷︷︸
π
2 T1(2ϕ/π

+
∑

n=2,4,6,...

an
π

4

[
Tn+1(2ϕ/π)

n+ 1
− Tn−1(2ϕ/π)

n− 1

]

=
π

4

{
a0T1(

2ϕ

π
) +

∑
n=2,4,...

an

[
Tn+1(2ϕ/π)

n+ 1
− Tn−1(2ϕ/π)

n− 1

]}
.

This formally completes the Chebyshev representation, although a more condensed
representation of an than the infinite series (42) is desirable.
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