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The generating functions of A118205 and A118206 are the in�nite products

G118205(x) =
∏
n≥1

(1− xn)λ(n) , (1)

G118206(x) =
∏
n≥1

(1− xn)−λ(n) , (2)

where
λ(n) =

∑
d2|n

µ
( n
d2

)
is the Liouville function [3].

We �nd alternative expressions for these generating functions as in�nite
products of cyclotomic polynomials. All our products are formal products.

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

The n-th cyclotomic polynomial Cn(x) is equal to the rational fraction

Cn(x) =
∏
d|n

(
1− xd

)µ(n
d ) for n ≥ 2, (3)

with C1(x) = x− 1 (see, for example, [2]), where µ(n) is the Möbius function
and the product is taken over the divisors d of n.

Proposition 1. The generating function of A118205 is −
∏
n≥1

Cn (x
n)

Proof. We have by (3)
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−
∏
n≥1

Cn (x
n) = (1− x)

∏
n≥2

∏
d|n

(
1− xnd

)µ(n
d )



= (1− x)
∏
N≥2


∏

N = nd
d | n

(
1− xN

)µ( N
d2
)


= (1− x)

∏
N≥2

∏
d2|N

(
1− xN

)µ( N
d2
)



=
∏
N≥1

(
1− xN

)∑
d2|N

µ

(
N

d2

)

=
∏
N≥1

(
1− xN

)λ(N)

= G118205(x) by (1).

�

We recall the following properties of the cyclotomic polynomials ([1], p. 160).

Let p be a prime number and n be a positive integer. Then

Cpn(x) =


Cn (x

p) if p | n (A)

Cn (x
p)

Cn(x)
if p - n (B)

The particular case of (B) when p = 2 is

C2n(x) =
Cn
(
x2
)

Cn(x)
for n odd. (4)

By a simple induction argument using (A), we �nd that

C2kn(x) = C2n

(
x2

k−1
)

for n odd, k ≥ 1. (5)

2



Hence, by (4),

C2kn(x) =
Cn

(
x2

k
)

Cn
(
x2k−1

) for n odd, k ≥ 1. (6)

In (6), replace x with x2
k−1

to give

C2kn

(
x2

k−1
)
=
Cn

(
x2

2k−1
)

Cn
(
x22k−2

) for n odd, k ≥ 1. (7)

In (7), replace x with x2 to give

C2kn(x
2k) =

Cn

(
x2

2k
)

Cn
(
x22k−1

) for n odd, k ≥ 1. (8)

Proposition 2. The generating function of A118206 is
∏
n≥1

C2n (x
n) .

Proof. We have∏
n≥1

C2n (x
n) =

∏
n odd

C2n (x
n)C4n

(
x2n
)
C8n

(
x4n
)
C16n

(
x8n
)
· · ·

=
∏
n odd

(
Cn
(
x2n
)

Cn (xn)

)(
Cn
(
x8n
)

Cn (x4n)

)(
Cn
(
x32n

)
Cn (x16n)

)(
Cn
(
x128n

)
Cn (x64n)

)
· · · using (7)

= −
∏
n odd

1

Cn (xn)

(
Cn
(
x2n
)

Cn (x4n)

)(
Cn
(
x8n
)

Cn (x16n)

)(
Cn
(
x32n

)
Cn (x64n)

)
. . .

= −
∏
n odd

1

Cn (xn)

1

C2n (x2n)

1

C4n (x4n)

1

C8n (x8n)
· · · using (8)

= −
∏
n≥1

1

Cn (xn)

= G118206(x),

since the g.f. of A118206 is the reciprocal of the g.f. of A118205, which is

equal to −1/
∏
n≥1

Cn (x
n) by Proposition 1. �
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