
Odd harmonic series: Formulas 

 

Harmonic series:          (1) ���� = ∑ �
�

	
�
�  (def.) 

Odd harmonic series: (2a) ����� = ∑ �
��
�

	
�
�  (def.) 
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Taylor: *�+� = + − ��-!

�� + +0 − ��1-"

��� + ��+/� 

$��� = *�1/�2��� = �
�	 − ��

�.	! + �
.	2 − ��1

�3��	" + � � �
	4�  

 

Formula 1:  ����� = ��0��� − ��1⋅5
�3��	" , 0 < 9 < 1, :;9ℎ  
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Formula 2:  ����� = ½ �log �4� + 4 + �
=	� +  � + � � �

	2�  

Proof: 

½log �4� + 4 + �
=	� = ½log�4�� + ½log �1 + �

	 + �
��	!�  

= log�2� + ½log��� + ½ � �
	 − ��

��	!� + � � �
	2� (Taylor) 

= ½ log�4�� + �
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	2�, q.e.d., see formula 1. 

 

With formula 2, we can approximate the inverse of OH: 

Let > = �����:  log �4� + 4 + �
=	� +  = 2> ⇒ 4� + 4 + �

=	 = @�ABC 

Solution: � = D
� − 1 − �

0D + � � �
D!� with E = @�ABC. The precision � = D

� − 1 will be 

sufficient. The least integer exceeding � is FD
� − 1G = HD

�I, as m certainly is no integer. 

 

Formula 3  #092315�M� = ⌊¼@�PBC⌋ 

 

Formula 3 can be tested with the more precise formula 1. 

 

Formula 1 can be tested numerically by combining it with formula (2b) and evaluating the 

parameter t: 9��� = �3��
��1 ⋅ �� ⋅ R��0��� − ���2� + 1� + �����S 

Result: 9�10� = 0.955, 9�100� = 0.995, 9�1000� = 0.9995, → 1. 


