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908-+382-3000, ext. 2005

Dear Dr. Sloane,

’?(‘Lg’

Sir, following are the various notes and additions that I have made to your handbook under

the existing entries enumerated below. o) CJ )7
ﬁloane's ﬁequence ﬁumber ﬁ?% z
8. x3—y2=k,theaboveis |k |

15.-Smallest solutions of X when A-X2 +1= a square number.
~30. Twice this Seq. is 38N 108.

33._primes 4-k+1=AZ + B2, A>B-these are the-Bs..see SN 1697

L« 367 A= Int(®-n) — Int(D-(n=1))-Pickover, Computer and the Imagmahon, p24.

68 9233 45752, 2850§_/lf8ﬁ6955 AmSm V24006p25. o
Lo ™ ’j
/ 79.1,2,2,2,2,4,4,2,2,+ , the nbr. of ways of expressing the positive integer n > 1 as the N\\ [
_ sum of two (ord d palr) squarefree posmve integers relative prime to n. W/
"\ AMM v99n6p5 , June/July 92. , :
- - e e——— i """’Qf

Wofthe.mnncs.—-seegﬁgs@a 85, \ ]U J

84_by.primes.only.—— ﬁ 7U %—7

-

et Qf‘a_x )

h, p66.

103a. RelatedtoEdwardWarmgsproblem,1 2,2,3,4,7, 8,34, 32,102, 51, 135, 150, 166, 181,
— Mart Games, Set, and Math, p124 see SSN 1353, .

408 half of this Seque
-110-Reobert Daniel Carmichael's A(n) function— (/ vk of
( -136-Compation Pell numbers;-Ag=2.&-Ar=2—— - Areele



t=AZ-+BZ-A>B—these are the As. see SSN I3

732.1,2,3,4,5,6,7,8,9,1,0,1,1,1,2,1,3,1,4/1,5,1,6,1,7,1,8,1,9,2,0,2, 1,
37 2) 4’ 2’ 5) 2’ 6’ 2’ 7’ 27 8’ 2, 9, 3’ O‘) 3’ 1’ 3,'2’ 3) 3’ 3) 4’ 3, 5, 3, 6’ 3) b 37 8’ 3’ 9!

2,2,
s
the almost-Natural numbers, JRM v?n?p?, Math Mag v61n2p131, April 88.

:‘; “N

180. ®(n), see SSN-370-& 371.
185. P%, P is a.prime.and.oc-> 1.

-~

185a.1,2,3,4,5,6,7,8,9, 13, 14, 15 16, 18,19, 24, 25, 27, 28, 31, 32, 33, 34, 35, 36, 37, 39,
49, 51, 67, 72,76, 77, 81, 86 apd'no others < 57134. Powers of two lacking the digit 0

d 0 y, Mathematics on Vacation, p126-8.
; / 7 ‘7/{, 6 7 / / 7

.187. Joe Roberts, Lure of ‘E!ler

L,/I 88. Index to 88N 1828.
\J/ZOO 6 (Aps1) > o (Ap).
~~ 201. Stanislaw Ulam Summation Seq., see $&X 231 & 909.

\/ 206. A; =1, Apyy =L y/2-An-(An +1) | = L V2 ((A; +1)), Am Math Mo. vO5n8p705 Oct88, &
Math Mag. v64n3p168 June91.

B

". L 207 A= A2 & A3=3;'Am Math Mo. v35p8p705 Oct88.
/213. see SSN 248.
/ 914, e (y=2512= 22 ..
223 A, =n+ Int(vn +1) =n + Int(vn +Int(v/n ), Math Mag v63n1p53-5 Feb90.

228. this is Ih, see ,55}6’ 1051

9
5 LZma 2,3,57, 1,14, 1, 3 ¢ 771, 9, 2 3, Lr{gtxona.ldecunalfractton P Vi
U —Am Math Mo. v100n8p779 Oct 93, HWl Ed: p139. . : _ &

| v —
‘i

) 231. Stanislaw Ulam Summation Seq., see $8¥ 201 & 909.
«~ 235. also see &SN 982.
/241 the Sieve of Eratosthenes.

[ 242a.1,2,3,5,7,11,31,379,1019, 1021, 2657, -, p "Primorials" = (2-3-5-7-11-13-17- === :py+1  /
V is-prime. v
246a. 2‘},/7 11, 13, 19, 23, ---, Higg's primes in Z Am Math Mo v100n3p233, Marcil_123 ﬂ 7({.??

19937, 21701, 23209, 44497, 86243, 110503, 132049, 216091, , 756839,
k these are the 0s of primes of the form 21 1.



/

LL/S@ (@~ OM/A/5. see S5 1679, .

266, Ap=2A, 1 S A

P"ﬁ»@} 322a. 1, 1, 2, 37, 21, 49, 165,552, 2176, 9988, -+ /KnotsMath Mag v61n1p7 Feb 88.

—3%6a.-1, 2, 3-7-23.59, 314, 1529, 8209, -, An=(Ap-1*-Aps t,Ax"‘;;;)ZE;;,;foﬂ.>"3,_.._~_
Coll_Math--Journal-v24n4p393.

~397—17051707; 20831323, Math of Compt VS2A185p221-4" & Knuth v3p402; see-SSH 984.
'/546. I1 .

358. 7, 353,;4&13, 617, 863, by Index.
370. see 5}{? 371.

371. see SSNA80 & 370.

385. Ramanujan's Supet/l)undant d(Ag.1) > d(A,), Math Mag v64n5p343-6 Dec91.
's Se

391. the Lazy Cate q.
423 A=Ay tAny T AL T A
L 427 n+ C(2) +HE(5).
429 Ap=Apy FAL YT AL + Apgq4t+ALs

431. An = An—l + An_z/z&n__g, + An_4 + A -5+ An—6‘

432. Ag=2Ap 1 3" ¢(2), Graham p231.

po
497. also see 5}690.
509. Int(n / @) see gé 17.

511. Leonard Euler's Gen. "-cagonal Nbrs. 2-(3-n ~1), n> 1.

522. = C(2)—n, the nbr of diagenals of a regulaf convex n-agon, Math. Mag v61n1p28.
529 X2 -D-Y2 =1, 31)4;34.

531a.1,2,5, 10, 17, 2§{---, Surds of period 1, = n? +1.

552, [(1+4/2)" — (1-42 VAR, Knu)l-ﬂzpéos, David Wells p90 & SI1 p327.

561. Whys & Wherefores p92. Ball&Coxeter pl 12/€omputers in Nbr. Theory p363.

©C somu v13i2p158.



ST7. Ap= 22y = 5-C(22) 545-C(251) = 71y 2610- -+ (4n =10) = Ay, (4n—-6)I/n,
Bn+l = Bo-Bn +B an_l + B2-Bn_2 + -+ Bn—-l'Bl + Bn~B0.: //

Math Mag v61n4p211 Oct88.

; u+l

589. Ag=0, Api1 /7ann+1‘
603. Convergents to Lehmers/Qénstant £ ~1, see SN 1230
i

617. -+, 272, 306, stsxﬁg rs. David Wells p84, also called Newton, Contact, Coordination
and ngancy nufnb /

625. Ay = 2- Ay 2. |

651. -+, 275750636070, 1633?/22229030, 973715}3-23590,
668. see S5 / | |

695. Int(e").

731. B;all8f,(,2fp_a‘;eter pll2.

742. 2041, _
766. In=PI(1 —p ——__ -+ 37), David Wells p122.
773. HC % actonal / Superfacﬁonal SSX 1514/s8x 811, Graham p231.

v
775. Kraitchik p250.

786a. 2, 11, 13, 17,6;(&
see SSN 22644.

787. Am Math Mag

r their square can be expressed as a2 + 5- b2 Beiler p2857: ”~

ﬂ 2626

789. S[=%

: j‘f/upﬁaaodal, Graham p231.
891. see &8N 1336.

909. -+, 176, 187,192, 196,-.-":"-', Stanislaw Ulam Summation Seq., see $8X 201 & 231.
571, - 2, TAD?& 5387, by Index, Pickover Mazes p350.

911. ---,

917. A, = Int(n/) = Int(n-B) see SN 509.
921. 6 ),/ (



= (H\/g)n + (#)n see SN 1679.

924. Ag=2& A; =1, ®" + @ -

941. Polyiamoniil.//
| 973a- b-4-443-5-9, 23754211103, 5047, 41783, 281527,2534423; 14161887,

23266‘3909?32719_0% +AI]_=_(A9—4 L] AHiA -2 * A, 4+ Ai 3_)/ An—6 i
1 ical Intelligericer v13n1p40, Pickover, Mazes p351

984. Math of Compt. v521185p221-4, see S8 327.
988. Pascal's Triangle {mod 2 ad in decimal, Math Mag v63n1p3 Feb90.
s
rd

990. see 55?97 - )

1002. Sum of the Intege/r/s/Ct% ); An 1= [mAL+ 2.(n+1)2]/(n+2).
1035. Sieve of Stanistaw Ulam

1039. Gaussian Pﬁfé_gs’z)f real nbrs.

1048. Josephus FlavquSi/qve.

1051. =n2 +n +1, sgg,ﬁ}sy 228.

1059. Stirling Nrbs. of the 20d.Kind S{2}, A, = 2-A,_; +1.

1064. L[(1+42)" + (1-v2)"].

n/3

1070. ---, 3773793%5350729, Z(—1)J C(3)-C(D).
/ j=0
1071. Int(e” +1).

1072. Polyhexes.

1072a. 3, 7, 23, -+, primes which cannot b
although their squares can. Beile

1081. $$ 688 (the "Primorials") +1 = (2:3-5-7-11-13-17-19-23/*-- .p) +1, p is prime,
AmMathMo v95n8p699, see S SN 242a.

1084. "decimated” Lucus Seq., Number Th , Spring-Verlag v7p73 & SI1 Z’yg
ySequence

1087. the periodicities of the Fibona r?{s‘n, Lure of the Integers p162.
1089. N.L.Gilbreath hypothesis 1958, conjecture, A,y > A, 2.

expressed in the form a2 + 5:b2 j{,_»
284, see SN 2264a. |



C

1 3+J§ﬂ

1101. ---, 1836311903, -, =Int[—- ]. Niven&Zuckerman, qth Eg. pl23.

V5
1130, = —> c(;a!/
/ n+1

132a. T (n!) forn>1, = 1,3, 9, 30, 128, 675, 4231, 30969, 258689, 2428956, 25306287, (ﬂ/ \
289620751, 3610490805, - 2 Go 7 \ (Cry
- S )

1142. = Int(Tt" +%)f S S 1S _

1163. n-A, = 3-(2n-3)-Ap_y= (n-3)-A,_,, Vardi p198.

1165. S[2], Ay = A+ (n-1)!.

1183. Cyclic nuxmrs)/fSﬂI:{ pl46.

1215. - 5187 10604, 11714, 13365, 18315, 22935, 25545, 32864, 38804, 39524, 46215, 48704,
CD(n) <I)(n+1) see 55?5 1328

m——

1217. []2-n-1, n'/(2 * 21) for even n

n=1

1230. see SSX 603

1231. [ (1+J—)2“+(1 I)“
1233. Graham, Knuth & Patg__shmk, Concrete Mathematics, p528. v

1247 Ay =6-Ay | —App+2= [,(f 241)2™1 _ (2-1)2™1 _2]  with Consecutive
Legs (lesser given), Beller/p123 see SN 1630.

12 285311670601 98077104930805 302875106592241 144456088732254195, - {] & i
for evenn, X =n" +*1'_nP_n+1, forodd n, X =n" n+l 7 () OR E

/f 309. Murphy sequence, JourRecMath v10n3p230.

1313. Martin Gardner, Penrose Tiles To Trapdoor Ciphers, p69.

1322'. 65, 66/-/ ,€g. not the pn'mes S8NX 241.

{1323, S fimes.

1327. sAnt[1 (7+/48-n+1)], Am Math.Mo. v98n9p874.

1328, ---, 108271226, 1322, 1330, 1346, 1466, 1514, 1608, 1754, 1994, 2132, ---» ®(n) = G(n+2),
N 1215,

1336. N* a > 1, see $$X 891.



9,21, 31, 45, 62, 82, 102, 120, 135, 150,
h, p123, see 88X 1353.

1363. the Sum of the Friangular Nbrs. £ -(n+1)-(n+2) = D =G

2
k=1

A k
1385. --+, 740461601, 2012783315, 5471312310, 1487256883, -, when k exceeds n of Zﬁ
- n=1
Jour Rec Math VIW4 1977 & Math Mag v65n5p308 Dec92.

1415. ---, 1188640, 4345965, -- (22,

n+l

1463. ---, 92897280, 1857945600, 40874803200, ---, A; =1, A, =2-n-A, =20l

1514. Hyperfactorjal, am, Knuth & Patashnik, Concrete Mathematics, p477.

1524. Wilson Quo/ti:?ﬂot remainders.

1530a. Congruent bers,’

1558. =n2 -n -1, n}in'aex listing.

1562a. n >0,

1569. ---, 411, 525, -+, {¢ [2n’(n+2) Cn+)+ (D" -1, To=0& T =1, Ty,
Th+ T —Taoa I;j-ffn +1, Coll Math Journ v20n5p370 -84, Math Mag v66n1p40

1574. the Sum of the Integers Squared, = 2-(n+1)-(2n+1) =>"n2,

k=1

1578. = ﬂ-(n+1)-(n+2)-(n+3)_

1602. C(Z“““)

n+l

1608. -+, 5461, 21845, 87381, 349525, 1398101, 5592405, A, =1, Ay = 4-A,_; +1 = +(4% -1),

a2 = (2™ + (2-1PM
with Consecutive Legs (Hypotenuses given), Beiler p123, see 88N 1247,

1630. A,=6-A,; -A

1636. (A5 - BS)D, A >B >D >I.

1678. the least £ suchthat 10é=1modn, n + 10 & n> 6, see 8N 1680.

1679. @ =g[f+1]&¢x 1[5 11,

1680. see 8N 1678.



1714.

1718, (4%

1719. %-(n+1)-(nyfé3)-(n+4).

/

1734. S{ )—,r/ . /
1760. Triangular anh are sﬁhares. The above numbers are the square roots.
- /

' §

/

1762. S[2}

—1768.-QUESTON. Should-not the eighth-entry-be 30720 instead 0f 30270225 Q2:n41)—

1779. S[“T”]/

1783. Joe Roberts, Lyfe of Llf_e Integers, p208.

1799.

1819, .
1823. Cyclic numbers 6f 1, SPR p143.
/

1828. Prime Hex. nbrs., Hexagonal clusters - "Polyhedral Dissections.”

A,=1+6+12+ ---)41=n3—(n—1)3=3-n2+3-n+1 = 1+) 6-n.
<
1834. L {[(1+/6 )" + (1-6)"].
1845, S{=2} =_%-(n+1)-(n+2)-(3‘-£{_1¢1).

1847. = %- n+fl)-(n+2)-(n-?ﬁli-4)-(n+5).
1866.

(—"—)

n+l

1869. & [(1+f))'( — 2)2mH,

1886. Denominator of suscessive continued fractions of 7 "Pibar" =Pi-3,

1905. 19/' |

1907. L-n2(n+1)-(n+2).



1924. the above are the indexes, T, = %__:n-(n+1), see S$N 1760,
1935. Egyptian Fraction's,pgpeﬁxjna{ors. ..., 162924332716605980,
1970. 2-(n+1)-(n+2)1(5-n-1).

1981. y
2018. Sk5}.

2022. M
2044. (AS + BS)D, ASB51,26>D > 1.
2048, %,C&%ﬁ. =0%

2091. the denominators of es Stirling's formula
2100, (AS+BS)D, A>B 24{240>D > 1.

2104, 13.C(22si2),

n+l
2105. Semi-Cuban Primes, 3‘—fn3 - (n=2)3].
v ‘.
2120. 143"
2136. S{22}.

2141. S{2}.

5

2142. S[2].

5
2178. -+, 65617, 66161, ---, A*+B4, A>B>1.
s |
2215. S{#%. ~ |

2216. S[.
2239, S[2:4]

2262. > (2-n+1)3.
n=0

2263. S{2}.

2264. S[2}¢ -
' S

—

2264a. 29, 41, 61, ---, primes which can he'expressed as A2 + 5-B2, Beiler p284,
see $SX 786a & 1072a. -



22728243,
;>
2277. o,

Pl

2292. SPR 98, & Stewart p29.

2293a. Surds of a penodlcnt[es 41, 130, 269, 370, 458, 697, 986, ---,

=(5k+12 +4k /s'ﬂpg{zm
2294 l(A4+B4)/K;; 1.

2311, SciAm. v24266p30. W/
2ﬁ P | CF C DS | Z
2323a. Primitive Weird numbers: 70, 836, 4030, 5830, 7192, 7912, 9272, 10792, 17272, 45356,

73616, 83312, 91388, 113072 243892, 254012 338572 343876 388076 519712 539744
555616 682592 786208 ’1188256 1229152 1713592 1901728, 2081824 2189024
3963968 4128448 4145216 4199030 4486208 4559552 4632896 4790812 4960448
5440192 5568448 6460864 6621632 7354304 7«470272 8000704, 8134208 8812312
9928792 11339816 11547352 StephenP R,!Chard p8S.

2333a. tri-Perfect numbers: 120, 672, 523776, 45981 8240 1476304896, 31001180160, -
David Wells p135. f

2347a. Prime Cullen numbers by Index C,, = < oo +1 forns: 1, 141, 4713, 5795, 6611, 18496,
and no others </20000 Paulo Rlbenbonm, p175

2352. see SN 2}6{

2363. see SSN 2},5‘2'
N/ -

2365. base Two - PseudoPrimes; 27~1-= 1 niod p. 4l (: 09

'

. 2372a. the-number of Magic Squares of order n: 1, 0, 1, 880, 275305224, -+, David Wells p190. . , ¢
additional Bibliography A
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Niven&Zuckerman, 41 Ed
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SIt 2nd Ed.

additional Index
Abundant numbers, 385.
R.D. Carmichael's A(n) function, 110.
Congruent numbers, 1530a.
2- Dimensional Figurative numbers, 1002, 1350, 1562, 1705, 1826, 1901.
3- Dimensional Figurative numbers, 1363, 1574, 1709, 1839, 1904, 1966.
4- Dimensional Figurative numbers, 1578, 1714, 1845, 1907, 1970.
Golden Ratio, 1334, 1679*
Hyperfactorial, 1514.

Laplace Transformation Coef., see Coef. %C(%) fork=1,2,3,4,5&6,

1130, 1602, 1866, 1981, 2048, 2104.
Murphy, 1309.
Polyhexes, 1072.
Polyiamonds, 941.
Quotients, 1524.
Slicing a Pie, 391.

Sieve e h
Eratosthenes "primes," 241. /Z g
Stanislaw Ulam "Lucy;*1035. wefe /
Josephus Flavius, 1048. ( o

Super Abundant, 385.

Super Factorial, 811.

V2, the Square Root of Two, 206.

Edward Waring's problem, 103a, 1352a, 1353*.

If at some future date, I run across an addition, I will forward the same to you.

Spquemially yours,

/

/ )

Robert G. Wilson v
Ph.D., ATP/CF&GI
RGWv:T4400c¢
sloane26
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A CURIOUS BINOMIAL IDENTITY

NEIL J. CALKIN

In this note we shall prove the following curious identity of sums of powers of the
partial sum of binomial coeflicients.

1. AN IDENTITY
Theorem. Y}, (chzo (Z))s = p2dn—1 4 93n _ %211 (2:)
Proof. Define f, = 31, (Zi:o (:))3 It is sufficient to show that
n

2
frt1 = 8fn =4 2% =3 2“( ")

Write A; = Y4 (7). Then f, = Ty A7,

fn+1:1§(zl: (n:l))a 44

=0 \k=0

=23 (% (")
(

3o
s
|
oo
e
I
-]
2
3
+
w
'Jf'
1=
bO
=
|

1991 Mathematics Subject Classification. 05A10.
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2 NEIL J. CALKIN

Observation 1:

Indeed;

n N n n \?

(i) =5l

1=0 ! 1=0 n—I

S
1=0
and since
A+ A, =2+ (?)

we have

Observation 2:



A CURIOUS BINOMIAL IDENTITY 3

Indeed,
=A== A} - A},
=0
n n 3
S )
1=0 !
n n n )2 AN
-34(1)-5o(0) 5 ()
1=0 ! 1=0 ! = \!
n n 3 2n 1 /n)?
-3oa(1) -5 (7) 35 (0)
= { 2 n 2% [
Hence

nooofn 21 (2 1 (n\°
A? =2 4 Zo9n il
24() =5+ () 2 (0)
Putting these together, we indeed find that

2
fn+1 _an =4 23” -3 271( n)
as required. [

2. AN APPLICATION

In this section we shall discuss an application of this to order statistics. Observe
that the expected value of the maximum of three independent Bernoulli random
variables B(n, 3) is

(- )) e

n 3 2n
= —+-n2"" .
2 T q" (n)

Hence, by the central limit theorem, the expected value m3 of the maximum of three
independent normal N(0,1) random variables is

3. o—2n(2n
mFJH&Mﬁ(n) :2\?}7?

2
subracting off the mean, dividing by the standard deviation and applying Stirling’s
formula for the asymptotics of n!

SCHOOL OF MATHEMATICS, GEORGIA INSTITUTE OF TECHNOLOGY, ATLANTA, GA 30332
E-mail address: calkin@math.gatech.edu
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Colin L. Mallows
Statistical Models and Methods Research Department

Neil J. Calkin

Carnegie Mellon University
Schenley Park

Pittsburgh

PA 15213

Dear Dr. Calkin,

May 12, 1994

Room 2C-265

600 Mountain Avenue

P.O. Box 636

Murray Hill, NJ 07974-0636
voice: (908) 582-3851

fax: (908) 582-3340

e-mail: cim@research.att.com

I have just seen your "Curious Binomial Identity", and observe that another derivation is

possible. As you remark, we have

273" f=n—E(max(X,X7,X3))

where the X’s are independent Bemoulli (n,1/2). So by symmetry the result is equivalent to

E(max(X,X,,X3)—min(X, Xy Xy))=n L [Zn]

But

1

2 227! n

max(x,y,z)—min(x,y,z)= %(max(x,y) —min(x,y)+max(x,z)—min(x,z)+max(y,z)—min(y,z))

so it is sufficient to show

E(max(X,,X;)-min(X,X,))=

Here is a cute way to do this. The expectation is

§i

J(l

rlbES

To evaluate this, consider the generating function

1—cos?x dx

3 Ly = T

()
22n n

il

(2ix(k=D) dx

1—cos?x > 1

(D

n=1 2n 1=y =, l—ycoszxzz_
1 o kn+mn 1 1 1
N e

(1 —ycoszx) koo (X +k1'c)2



1

1 1 1

S dx
21 1-y y I—ycos?x

1 s d 12
== 1— = — = —
2( y) dy(l y)

and this proves (1).

Colin L. Mallows



