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ABSTRACT
Recurrence formulas are derived for the numbers C(p) and S(p)

of initially connected and strongly connected labeled finite automata
with p states and an arbitrary input alphabet. For this purpose it
was found necessary to determine the Mobius function of the lattice
of quasi-orders of a set, ordered by reverse inclusion, with respect
to the minimum element. Detailed asymptotic conjectures are .inclu-
ded, but 1ittle progress has been made toward proving them.
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1. Introduction.
By a finite automaton we mean a triple M = (Q,L,f) where Q

is a finite set of states, L is a finite input alphabet, and
f: Q x L ~ 0 is a trans_ition function. One can think of rf as a
digraph with vertex set 0, multiple loops and arcs allowed, which
is out-regular of degree d = I L I· The arcs are to be labeled
with members of L so as to correspond to the transition function;
that is, M has an arc from q to q' labeled with cr if and only if
f(q,cr) = q'. Then for each finite string W E L* and each state
q E Q, the transition function defines a unique directed path in
M starting at q and labeled with the symbols of w in sequence. The
endpoint of this path is the w-successor of q , We say that q' is
reachable from q in M if q' is the w-successor of q for some w E L*.

Sometimes one state is specified to be the initial state, or
start state, of a finite automaton. If q is the start state for ~f,

then H is initially connected if every state is reachable from q.
If every state is reachable from every other state then M is said
to be strongly connected, regardless of whether a start state has
been specified. Clearly r1 is strongly connected if and only if it
is strongly connected in the usual sense as a digraph. Following
digraph terminology, M is said to be weakly connected if the under-
lying graph (ignoring directions on the arcs) is connected. Maximal
weakly connected subgraphs of M are called weak components of M.
However maximal strongly connected subgraphs of M are called blocks,
in contradistinction to the usual terminology of graph theory.

As defined so far, there is no provision for output from our
finite automata. There are two standard models for specifying out-
put using some finite output alphabet r with g = [r]. For a rloore
machine (state-assigned), output is given by a map h: Q ~ r. There
are gP such maps possible, where p = 101. For a Mealy machine
(transition - assigned), output is given by a map h: 0 x L ~ r.
For each of our automata, there are gPd such maps. In the present
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paper interest is focused on connectivity rather than output, so
finite automata will be enumerated without provision for output.

In counting labeled finite automata with p states we are simply
counting those with the fixed state set {1,2, ... .pl, In counting
unlabeled finite automata we are counting isomorphism classes in
which the input alphabet is held fixed but the states can be mapped
in any way that preserves the transition function (and the start
state if one is specified).

In this paper, initially connected and strongly connected
labeled finite automata are counted. If a start state is specified,
this allows the unlabeled automata to be counted by dividing by
(p-I)! A method for counting strongly connected finite automata
was published by Radke [7], but it is computationally unwieldy.
Curiously, the much easier problem of counting initially connected
finite automata was posed quite explicitly by Harary [3], but
apparently has not been discussed in the literature. Unlabeled
finite automata have been counted by Harrison [5], and by Harary
and Palmer [4J, allowing permutations of the input and output
alphabets as well as permutations of the state set. Narushima
[6] has solved the very difficult problem of counting reduced finite
auto~ata. Presumably Narushima's methods could be combined with
those of the present paper to count reduced initially connected
finite automata and reduced strongly connected finite automata, but
this possibility has not yet been explored.
2. Initially connected finite automata.

The number of finite automata which are complete and determi-
nistic with p states, d input symbols, and no provision for output
is pPd Let C(p) denote the number of these which are initially
connected from a specified start state. Without loss of generality
we take II, ... ,p} as the state set, and state I as the start state.
Of course the number C(p) depends on d as well as p. However the
point of view taken is that d is arbitrary but fixed, while p is
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allowed to vary. Thus it is convenient to suppress d in the notation.
A recurrence for C(p) is easily derived by considering the

number k of states reachable from I in an arbitrary finite automaton.
Since I is reachable from itself, k> I and the other k - I reach-
able states can be chosen from the other p - I states in (~ = i)
different ways. The structure of the automaton 00 the reachable
states is that of an arbitrary initially connected finite automaton,
which can be chosen in C(k) ways. Transitions from the p - k un-
reachable state, can be chosen in p(p-k)d ways. Moreover these three
sets of choices are independent of each other, which leads to the
ident ity

p2:: (~ - i) C(k)p(p-k)d ppd
k= I

Solving for C(p) gives the recurrence
pol

C(p) = ppd -2:: (~ = i) C(k)p(p-k)d
k=l

(2.1)

(2.2)

for p ~ I. This recurrence determines the numbers C(p) for all
p ~ I. and can be used to calculate these numbers efficiently.

One might hope to find a better recurrence in which all terms
are positive. Such a recurrence can be found for the numbers of
initially connected finite automata if an additional parameter is
introduced, such as the number of states at the maximum distance
from the start state. Unfortunate 1y the add itiona 1 parameter ma kes
the resulting recurrences less efficient computationally without
making asymptotic analysis more tractable, so the details are omitted.

An explicit expression for C(p) is

=~ (_l)r-l", kl(p-1)! r J' dkC(p) L.. L, n (Ilki) j.
r=l k.>l rrr(ki!) j=l

1-

(2.3)
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This can be proved by verifying that the right side of (2.3) satisfies
the identity (2.1). One can separate the factor pdkr, in which kr
plays the role of p - k in (2.1). Alternatively, (2.3) can be
deduced directly from facts concerning the M~bius function on the
lattice of quasi-orders on the state set which are proved in the
next section. In any case, this explicit expression seems to be
suitable neither for computing exact numbers efficiently nor for
asymptotic calculations.

The number of unlabeled initially connected finite automata
is just C(p)/(p-I)! Here the input alphabet is held fixed, but the
allocation of the labels 2,3, ... , P to states other than the desig-
nated start state is immaterial. Each unlabeled initially connected
finite automaton corresponds to exactly (p-I)! labeled versions
because the unlabeled automaton has no nontrivial automorphisms.
This is because each state q is the w-successor of the initial state
1 for some sequence w of input symbols. In any automorphism the
initial state I, the individual input symbols, and the successor
relation are all left fixed, so each state q is mapped to itself by
any automorphism.

Table 1 shows the first few values of C(p)((p-I)! for d ~ 2 and
d = 3. Values for d ~ 1 are not shown because in that case C(p) = p!.
The latter can be seen directly because the states of distance
1,2,3, ... , p-I respectively from the start state can be any permuta-
tion of the set (2, ... .p}, of which there are (p-I)! This determines
the unique transition away from each state except the one farthest
from the start state, which can go to any of the p states.

An additional divisibility condition satisfied by C(p) is that
C(p)/pd(p_I)! is integral. Note that the set of states having maximum
distance from the start state in not empty. If all transitions are
specified except for those leaving one such state, say q, then the
automaton can be completed in pd different ways. This is because
each of the d transitions from q can be sent to any of the p states,
since none of these transitions is needed to ensure initial connectivity.
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3. The lattice of guasi-orders.
Let M be a finite automaton with state set Q. The reachability

relation of M, written p(M), is the set of ordered pairs (i,j) of
states such that j is reachable from i in M. For any M the relation
p(M) is reflexive and transitive, that is, it is a guasi-order.
Clearly M is strongly connected if and only if p(M) = Q x Q. In
this section the lattice L(Q) of quasi-orders over Q is studied.
The results will be applied in the next section to count strongly
connected finite automata.

The order relation in L(Q) is reverse inclusion; i.e., a ~ S
in L(Q) if and only if S 2 a as sets of ordered pairs. The universal
relation Q x Q is denoted 0 since it is the minimum element of L(Q).
In L(Q) an S gives the join of a and S, while (a U S)* gives the
meet of a and B, where * denotes transitive closure. Our main
interest will be in the value of the Mobius function of a over 0
in L(Q), which we denote simply by ~(a). First we give a characteri-
zation of certain complements in L(Q). For i , j E Q we use iIj to
indicate that i and j are incomparable in some a E L(Q). Also, the
sublattice between 0 and a is written L .

a
Lemma. Suppose ilj in a, a' = (a U{(i,j),(j,i)l)*, and S
is a complement of a' in L. Then S consists of two in-a
comparable blocks, one containing i and the other containing
j. In particular, i and j are not weakly connected in S.

Proof. We will show that any state q is equivalent in S to i
or else to j. Since sn (1' = a we have ilj in S, so the two blocks
containing i and j will be incomparable.

Since (S U (1')* = 0, we have (S U {(i,j),(j,i)l)* = 0, so that
S U {(i,j),(j,i)} must contain a directed q - i path. This may
contain (i,j) or (j,i) as an edge, but the first occurrence of i or
j on this path marks off a q - i path or a q - j path contained in
S. Thus, (q,i) E S or (q,j) E S.Similarly, (i,q)ESor(j,q)£S. Now
S can't contain both (i,q) and (q,j) nor both (j,q) and (q,i), since
i Ij in S. So either S contains both (i,q) and (q, i), or else both
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(j,q) and (q,j), from which q is equivalent to i or j in B.
A weak component y of a quasi-order ex is tota..!.if every two

states of yare comparable in y. A total weak component is simply
a linearly ordered chain of blocks. We can now present the main
result of this section.

Theorem If ex E L(Q) has a non-total weak component then
~(cd = O. Otherwise ~(ex) = (n-l)! (_l)k-n where n is the
number of weak components of ex and k is the number of
blocks of ex.

Proof. We induct on 101. It is trivial to check the cases
IQI = 1 and IQI = 2.

Case 1.. ex has a weak component which is not"total.
In this case we will show that La is not complemented, so ~(a) 0;
see [1, Cor. to Thm 3J. Let i,j be incomparable in a but weakly
connected in a. Then a' = (a U {(i,j),(j,i)})* has no complement
in L. For by the Lemma, in any complement B the states i and jex
would not be weakly connected. On the other hand B 2 ex, so i and j
would have to be weakly connected in B as well as in ex.

Case 2. a is total.
In thi sease n = 1, and we may assume that k > 2. Let B

1
, ... , Bk

be the blocks, as ordered by ex. If B < ex then B is al so total, and
each block of B consists of a segment B .... B.+ of blocks of ex.

1 1 r
Such a B is uniquely specified by some choice of v ~ 1 of the k - 1
consecutive pairs Bi, Bi+1 to join together in blocks of B. There
are (k~l)sUCh choices, and each gives a total quasi-order with exactly
k - v blocks. By our induction hypothesis, then,

k-l2: ~(B) = 2: (k~l)(_l)k-V-l
B<a v= 1

= (l_l)k-l _ (_llk-l

Thus
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as required when n

-L ~(B)

B<a
1.

(_l)k-I ,

Case 3. n > 2 and each weak component of a is total.
Let i and j lie in different weak components of a, so that ilj. Let
a' " (a. U ((i,j),(j,i)))*, and let S be a complement of a' in La.'
By the Lemma, B must consist of two incomparable blocks BI, B2, say
with j E BI and j E B2. Conversely, it is clear that any such B

with B ~ a is a complement of a.' in L. To satisfy these conditions,- a.
BI must consist of a union of weak components of a. including the
weak component containing i but not that containing j. Then B2 is
the union of the remaining weak components of a..

It is also clear that no two complements of a.' in L are com-a.
parable. This allows us to simplify the standard expression for
~(a.) in terms of complements [I, Thm. 3] to the form

w(a) "L ~(B)~(B,a.)
B

(3. I)

where B ranges in the sum over all complements of a.'. Since S
consists of two blocks BI, B2 which are incomparable, w(B) "1. If
a.t denotes the restriction of a. to Bt for t " I, 2 then the segment
of L between Sand" is isomorphic to the direct product L xL.

a. "I ~
Thus ~(B,") " ~("I) ~("2) by the product law for Mgbius functions;
see [8, Prop. 5 of §3].

To compute the right side of (3.1), suppose that a complement
B of 0.' is to have a block B containlng i which is the union of r
weak components. There are t~=i)choices for forming such a com-
plement B for 0.'. If BI cont.ains m blocks of 0. then B2 conta ins
the remaining k - m blocks of a. By induction,
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and
~(a2) (n_r_1)!(_I)(k-m) - (n-r)

Thus
~(S,a) = (r-1)!(n-r-1)l(_1)k-n .

Summing over r gives
n-I

~(o:) =L
r=l
n-1

= L (n_2)!(_1)k-n

(n-2) ( k-nr-I (r-1)l n-r-l)l(-l)'

r=1
k-n= (n-I)l(-I) ,

completing the proof of Case 3 and the Theorem.
Itshould be noted that segments of L(Q) which lie above partial

orderings of Q have been studied elsehwhere; see [2].
4. Strongly connected finite automata.

For p > 1 let L denote L({1,2,...,pI).- p
be the number of finite automata M with p(M)
the number with p(M) S' a. Then

For 0: C Lp let H(a)
= a, and let E(a) be

E(a) = L H(S)
a<S

for every 0: E L , so by Mbbius inversion we have
p

H(O) =L ~(o:)E(a).

acLp
The number S(p) of strongly connected finite automata with state
set {I,2, ...,p} is precisely H(O), so (4.1) gives an expression for
S(p). This will be solved to give a recurrence relation for S(p)
using the values of the M~bius function which were determined in

(4.1)
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the previous section.
As an auxiliary we will need the numbers A(p) defined by

A(p) L \1(a)E(a).
tota 1 aELp

To derive a recurrence satisfied by A(p), for each total a E L(p)
let m(a) be the number of states in the minimum block of a. If
m(a) = p then a = 0 so ~(a)E(a) = ppd If m(a) = i for i < p, then
a is obtained from some total BeL . by adding a new minimum block
of i states, for wh ich there are ~) P~~oices. By the Theorem of
Section 3, \1(a)= -\1(B). All possible transitions from states in
the minimum block are consistent with a, so E(a) = E(B)pid. Summing
the possibilities, we have

L \1(a)E(a) -L (;)\1(B)E(S)pid
tota 1 eel, tota 1 BeL .

p P-l
m(a) = i

= _ (;) A(p-i)p id

Summing over then gives the recurrence
p- I ( ) .d

- L p A(p-i)p'
i=1 1

(4.2)

for all P':: l.
By the Theorem of Section 3, if ~(a) t 0 then a is a state-

disjoint union of total quasi-orders, say SI' ... , Sn' The Theorem
then gives

n

~(a) = (n-I)! n \1(S.).
i=1 1

Also it is immediate that
n

E(a) = n E(S. ) ,
i=l 1
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so we have
n

v(a)E(a) = (n-1)! n v(Si )E(Si)'
i=1

Let A(x) be the exponential generating function
00

A(x) =L A(P)xP/p!.
p=1

Then A(x)n is the exponential generating function for products of
nthe form IT Il(Si)E(S.) for ordered sequencess1, ..., S of totali=1 1 n

quasi-orders. The state sets of S1' ... , S are disjoint, so the
n nproduct IT v(Si)E(S.) is counted n! times in A(x)n. Dividing by
i=1 1

n and summing gives an exponential generating function for the
right side of (4.1). Thus if we let

00

S(x) =L S(p)xP/p!
p=1

we have
00

S(x) =L ~A(x)n -1n(1-A(x)).
n=1

Differentiating, we find
S'(x) = A' (x) + S'(x)A(x).

Equating coefficients of xp-1/(p_l)! then gives the recurrence
p-1

S(p) A(p)+L (Pj1)S(P_j)A(j) (4.3)
j=1

for p .::1.
The first few values of S(p)/(p-l)!, computed using (4.2) and

(4.3), are given in Table 2 for d = 2 and d = 3. Values for d = 1
are not given because in this case A(l) = 1, A(p) = 0 for P'::2,
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and S(p) = (p-I)! for p ~ I. The latter can be seen at once from
the fact that for d = 1 any strongly connected finite automaton is
a single directed cycle. That S(p)/(p-I)! is an integer for any d
follows just as for C(p)/(p-I)! in Section 2. In fact S(p)/(p-I)!
is the number of unlabeled strongly connected finite automata with
p states and a specified start state. It is not hard to count
these without specifying a start state, using Burnside's Lemma,
but that is outside the scope of the present paper.
5. Conjectured asymptotic behavior.

When d = I, C(p) = p! and SIp) = (p-I)! so Stirling's formula
gives the asymptotic behavior. When d > 2, let c be the unique

-dc -positive solution to c = 1 - e and let y and K be defined by

y = c(I-c)d-Ic

I-c
c

K = l-ldc-(d-l)
c

Then it is conjectured that C(p) - K ypppd and A(p) - SIp) - cC(p).
These conjectures result from assuming a general form of

aopb.op.ppd, from which the constants a, b, and 0 can be determined
in each case. The conjectured behavior agrees with the exact values
which have been computed. To date the only progress on the conjec-
tures is a proof that 10g(C(p)/pPd) - plogy (joint work with L. B.
Richmond). For d = 2 approximate values of the constants are
c = 0.796812, y = 0.835906, and K = 0.966941. For d = 3 the values
are c = 0.940480, y = 0.945700, and K = 0.963692.

There is a striking contrast between the asymptotic effects
of weak connectivity versus initial or strong connectivity. As
indicated by Harrison [5, Thm. 7.3J, for fixed d ~ 2 and large p,
almost all finite automata are weakly connected. However even the
weak form of the asymptotic conjecture proved jointly with L. B.
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Richmond shows that the proportion of finite automata which are

initially (or strongly) connected tends to a geometrically as
p -+- 00.
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