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ENUMERATING PARTITIONAL MATROIDS S;”?%7<E§F§;

A. RECSKI

"He tried counting sheep which
is sometimes a good way of
getting to sleep...”

A. Milne: Winnie-the~Pooh

The concept of partitional matroids (the direct sum of
uniform matroids) was first introduced by Berge [1]. Certain
properties of partitional matroids were treated in [47,
emphasizing also their connection with transversal matroids
and their applicability in the analysis of electric networks.
If a set S has n labelled elements and a partition of S is
considered then the number of different partitional matroids
over this partition is at least n-1 énd at most 2%, The gene-
rating function for the number Xn of partitional matroids of
S is determined and the result gillog_gn = log n = loglog n -
-1 + o(1) is obtained, which implies that the average number

of partitional matroids over a partition is exp (o(n)).

Let S denote a finite set with n labelled elements. )p:

P
=(S$.,,5,,+...,5 ) is called a partition of § if .U, S. = S and
-1'=2 —-p - = i=1 =i =
- . . A .
iE Si[\Sj#® if and only if izl_Lilz(il,iz,...,ép)lS an ordered
set of integers such that OséiSlgiI ¢i=1,2,...,p1. The system
el -
¥ ' corresponds to a matroid on S, namely a subset X& S
is independent if and only if in134ISaL for i=1,2,...,p
: afye, 158, kS
The matroids of this type are called partitional macroids. In
order to estaplish a one-one correspondence between the set
of partitional matroids and the sect of certain sysrcms_f“f;
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the convention of [4] is applied again:
All of the subsets §i with gi:O or
with gi=|§il are supposed to con-

tain a single element only.

If An is a sequence of numbers trzn let the symbol

Anei abbreviate that

).

[

n_llog An = log n - loglog n - 1 + of

If Gn denotes the number of partitions of the set S with n

elements (the nth Bell-number) then Gnel, see e.g. [2].

Our statement that Xnei too, will directly be implied by
(o7 Gntn

+
nEoT =exp(e -1) and

the following theorem, since
(1+e)t

exp(et.p(t))=o(exp(e )) for any polynomial p(t) and
for any e>0,

2 Xpth t . -
THEOREMﬁ;O—ET—=exp(e (t-1)+2t+1), if, by definition, Xo=l.
Proof: Let tf?=(§l,§2,...) be an arbitrary partition of §

and let Ei denote the number of the i-element subsets in,>#

N
(i=1,2,...). The number of partitional matroids over .- is
= . ti
obviously iilwi where ¢,=2 and ¢i=1—1 if i>1 (cf. the
above convention). The number of partiticns of the labelled
set, belonging to a certain system T=(ty,t2,...) is obviously
n!
— ¢ where zit =n. Thus, there are
. i
L, ot otedil)
i=% t,
i
n L
v T ]_
: T,
1=k N x‘j_'\: i
partitional matroids over all the partitions helonging to T.
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Hence ) tl i
0 71 )
n vy
Xnt - 5 T il
n! . . !
i=1 i

where the summation is over all systems of integers £y with

. .ot
l .
* oottt
i i
Xt = - L
o —'B‘»———n' = [ - —-i: | ): I o.f(t) ,
n=0 "~ i=1 ti: O 1 i=1 +
wnich leads to the assertion since w1(t)=e2t and
o oo i oo i
T ¢.(t)=exp( & —TE——— -z E— )=exp((t—l)et+l).
P | LA (i=-1)! L, il -
i=2 i=2 i=2

REMARKS: 1. Putting¢i=¢2=...=1 the right hand side of (1)

leads to the number Gn of the partitions of S (see Rényi [57).
2. The partial ordering of the matroids of the set S

(see [4]) is considered, i.e.uﬁéggﬂ@ if any independent subset

cf the matroid /%4 is independent inu%é too. Let Yn denote the

size of the longest antichain (i.e. the maximal number of pair-

wise incomparable elements) with respect to this partial order-

ing of the partitional matroids of S. We prove that Yneid. The

upper bound is trivial, since Yn<Xn. The lower =stimation

-2 . N . oy : A . :
n “Gn<Y¥n will directly be implied by the pigeonhcle-principle.

)

note the Stirling numbers of the second kind (the
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Let 5¢ n,k) a

number of pvartitions of n labelled elements into k subsets).

The relation max Sin,kled 1is wellknown, see € / , and the
1<k&n

axistence of the functicn of dimension among thie partitionat
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matroids of the same rank, proved in [4), leads to the

assertion.

I wish to acknowledge some very helpful correspondence

with G. Szekeres and V. V. Menon.
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