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This document contains a proof of the fact that the number of totally symmetric
partitions which fit in an m-dimensional box of side length n is equal to the number
of totally symmetric partitions which fit in an n-dimensional box of side length m.
Throughout the paper, we assume that a partition has at least one point, i.e. is
not empty. However, the result still holds without this assumption, as a box of any
size or dimension contains exactly one empty partition. Moreover, in this paper,
we consider a partition as a set of points, as in a Ferrers diagram, rather than a
set of stacked boxes. For instance, we think of a 2× 2 box as containing 9 distinct
points from which we may form partitions, rather than 4 distinct squares.

1. Representing totally symmetric partitions

We can specify a d-dimensional totally symmetric partition λ by a unique (up to
permutation) set of (d-dimensional) points, (p1, p2, . . . , pr), satisfying the following
properties: Whenever 1 ≤ x, y ≤ r, if we write px = (px1, px2, . . . , pxd) and py =
(py1, py2, . . . , pyd), then:

(1) 0 ≤ px1 and 0 ≤ py1,
(2) pxi ≤ px(i+1) for all 1 ≤ i < d and pyj ≤ py(j+1) for all 1 ≤ j < d,

(3) There exists at least one index 1 ≤ k ≤ d, such that pxk < pyk,
(4) There exists at least one index 1 ≤ l ≤ d, such that pxl > pyl.

Indeed given a set of points (p1, p2, . . . pr) with the above properties, we can
determine the partition that it represents as follows: For each 1 ≤ x ≤ r, consider
the point px. Let S≤px

be the set of all points of the form (q1, q2, . . . , qd) such that:

(1) 0 ≤ q1,
(2) qi ≤ qi+1 for all 1 ≤ i < d,
(3) qi ≤ pxi for all 1 ≤ i ≤ d.

Then, if we let σ(S≤px) be the set of all points which can be formed by permutating
the coordinates of any point of S≤px

,

λ =

r⋃
x=1

σ(S≤px)

is the totally symmetric partition uniquely determined by (p1, p2, . . . pr). λ is, of
course, a d-dimensional partition whenever the points (p1, p2, . . . pr) have d coordi-
nates. Moreover, λ fits inside a d-dimensional box of side length l whenever none
of the coordinates of any of the points, (p1, p2, . . . pr), are greater than l.

2. A bijection between points

Let (Z[0,n] ↗)m denote the set of weakly increasing m-tuples with integral values
between 0 and n inclusive, and define (Z[0,m] ↗)n similarly. Define a map φmn :
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(Z[0,n] ↗)m → (Z[0,m] ↗)n as follows: Suppose (x1, x2, . . . , xm) ∈ (Z[0,n] ↗)m.
Then define φmn(x1, x2, . . . , xm) = (y1, y2 . . . , yn) where

y1, . . . , yx1
= 0

y(x1+1), . . . , yx2
= 1

y(x2+1), . . . , yx3
= 2

. . .

y(xm+1), . . . , yn = m.

If, for instance, x1 = x2 = 3, there is no problem with the expression above: We
simply interpret the command y4, . . . , y3 = 1 to mean that none of the coordinates,
(y1, y2 . . . , yn), take on the value 1.

As an example, let x = (2, 3, 3, 5) ∈ (Z[0,6] ↗)4. Then the first 2 coordinates of
φ4,6(x) take on the value 0, the coordinates in position (2+1) to 3 (i.e. the third)
take on the value 1, the coordinates in position (3+1) to 3 (i.e. none) take on the
value 2, the coordinates in position (3+1) to 5 (i.e the fourth and fifth) take on the
value 3, and the coordinates in position (5+1) to 6 (i.e the sixth) take on the value
4. Hence, φ4,6(x) = (0, 0, 1, 3, 3, 4) ∈ (Z[0,4] ↗)6.

One may check that φmn gives a bijection from (Z[0,n] ↗)m to (Z[0,m] ↗)n.
(Note that φnm gives the inverse of φmn.)

3. A bijection between partitions

Denote the set of totally symmetric partitions that fit in an m-dimensional box
of side length n, Smn, and the set of totally symmetric partitions that fit in an
n-dimensional box of side length m, Snm. Now, if λ ∈ Smn is represented by
(p1, p2, . . . , pr) in the manner specified earlier, it follows that each pi ∈ (Z[0,n] ↗)m.
Consequently we may apply φmn to each pi to obtain a point φmn(pi) ∈ (Z[0,m] ↗)n.
In fact, the set of points (φmn(p1), φmn(p2), . . . , φmn(pr)) satisfies the 4 properties
(that we listed earlier) required to uniquely represent a totally symmetric partition.
Moreover, the partition represented fits inside an n-dimensional box of side length
m.

Now we define a map Ψmn : Smn → Snm by first defining the map, ψmn, which
maps representations of partitions in Smn to representations of partitions in Snm.
In particular let (p1, p2, . . . , pr) represent a partition in Smn. Then we define the
image of ψmn to be

ψmn(p1, p2, . . . , pr) = (φmn(p1), φmn(p2), . . . , φmn(pr)).

(Note that this image represents a partition in Snm). Now we simply define Ψmn

to be the mapping from Smn to Snm which corresponds to ψmn.
One can check that ψmn is a bijection, and, consequently, that Ψmn is a bijection

from Smn to Snm. (Again Ψnm gives the inverse of Ψmn.) This establishes that
the number of totally symmetric partitions which fit in an m-dimensional box of
side length n is equal to the number of totally symmetric partitions which fit in an
n-dimensional box of side length m.
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For example, let

λ = (0, 0), (1, 0), (0, 1), (1, 1), (2, 1), (1, 2), (3, 1), (2, 2), (1, 3) ∈ S2,3.

Then λ is represented by ((1, 3), (2, 2)). We have φ2,3((1, 3)) = (0, 1, 1) and φ2,3((2, 2)) =
(0, 0, 2). Combining these results, we have ψ2,3(((1, 3), (2, 2))) = ((0, 1, 1), (0, 0, 2)).
Thus:

Ψ2,3(λ) = ((0, 0, 0), (1, 0, 0), (0, 1, 0), (0, 0, 1), (1, 1, 0), . . .

(1, 0, 1), (0, 1, 1), (2, 0, 0), (0, 2, 0), (0, 0, 2)) ∈ S3,2.

Note that, in general (as is the case here), the number of points in λ and Ψmn(λ)
may be different.

As another example, let λ = ((0, 0), (1, 0), (0, 1)) ∈ S2,4. Then λ is represented
by (0, 1). Now, φ2,4((0, 1)) = (1, 2, 2, 2). From this representation, we can conclude
that Ψ2,4(λ) is the partition consisting of all the points contained in a 2× 2× 2× 2
box, except for the point (2, 2, 2, 2).


