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3. Some classical examples 'J/
m2. [f_7

The most important classes of geom

ctries. historically speaking. are the

following: chain groups, function spaces, algebraie extensions of ficlds, {17
coverings. Wille incidence gcometrics, graphs and simplicial geometries.

As a preliminary to the discussion of
small but otherwise perfectly gencra

(hese examples. let us Took at a few '7 Oj
S

geometries. I the next Section, we

shall discuss some examples arising in appled mathematics.
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3.1. SMALL GEOMPTRIES

Given a five-element set, how many different geometries may be con-

structed upon it? Tt will turn out that o

Il such geometries can be represented

by sets of points in an affine space of dimension no greater than 4 when
the closure of a sct Is the ordinary lincar span, so we shall draw them as
such. First, there is the unique geometry of rank 2: five points on a line.
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Ficure 3.1

A rank 3 geometry on five points

may have at most one line of four

points, and at most two Jincs of three points. There are four possibilities:
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Ficure 3.2

A rank 4 geometry on five points h

as at most one nontrivial flat. either

a three-point line. four-point plane, or five points in gencral position

on a flat of rank 4.

Fiour

i 3.3

If the gcometry on five points has rank . the points must be in gencral

position in a space of rank 5.
A similar count of the number g,

rank & on an n-element seto = b,
Let g, be the total g1 + -+ S

gn-il =

of essentially ditlerent geometries of
-, 8, yiclds the following tabulation.
Then the recursion

(\gn)lﬂg

seems approximately correct, on the busis of this data alone. This would
suggest that there are some thirty thousand essentially ditterent geometries

on a nine-clement set.



TasLe 1. TABUL~{ION OF &n.k

8 7 6 5 4 3 2 1
pts. pts. pts. pts. pts. pts. pts. pt.

3.2. CHAIN GROUPS 27713 S

Let A be a module over & commutative integral domain R. The set,
upon which we shall define a closure relation, will be an arbitrary finite
subset S of the module AL

For any subset A = S. let A be the set

A = {x e S: somec nonzero R-multiple of x is expressible as a finite

linear combination of elements of A. with coefficients in R}.

proposiTION 3.1, The cubset S. furnished with the refation A — A is a

pregeometry.
Proof: For any subset 4 < S, A< A Assume 4 = Band x e A. Then for
some nonzero r € R, and coefficients ry € R, rx = 101, 4 - 4 remy, With

m, € A. Since the clements m, arc in B, there exist nonzero elements
Sy s S in R such that sy is a finite lincar combination of clements of B.
Since R is an integral domain. the product Sy Saf is nonzero. Thus
§y - SpFA 1S @ NONZEro multiple of x, which is expressible asa finite linear
combination of elements of B. because R 1s commutative. So ye B,
7 < B.and the function 4 —> A is a closure.
Say that yc AW XY ¢ A. Then for some r # 0,
n

Fy = S\ + z Pl o, e A

It
—

But y & A4 implies s # 0, 50

and x ceAuy |

This pregcometry is called the chain- group pregeometry C(S). Tt is by
far the most important example of @ geometry. The reader is urged to
peruse the connection between the exchangd property and the ““elimina-
tion™ of a variable in linear aleebra that is displayed by the preceding

example. This connection cmbadics the “yoga™ of the theory of combina-

torial geometry.




i
{
|
i
|
}
{

L

I urcn e e

, 10 we take the quatcnllm'y

LA Quly+ Tl + T, al A
and express the four discriminoids formod by sapposing @, 7, 2, and ¢
successively to Do constant [vie, 0,0, I, Ty, O,(r 1T, D),
O, (1, 1, Q), and O (L G, 1), then those four discriminoids are
connected by a linear relation; so that, it three vanish tdentically, so
will the fourth, Now, in order to apply the conteuts of this paper to
the ascertaining whether g given quaternary admits of a siugle solu-
tion containing all the variables, we proceed thms: form O, (I, Q. 1y,
aud if it vanishes identically form 0. (Q, I, 1Y, and if that again is
null form 0O, (R, 7! L) I that boo vanishes identically, then we may
be surc that O, (7, L, Q) also vanishes identically, and that the
quaternary s completely integral)le, I, however, one of the dis.
criminoids, say O, (8, Q) 1), doces not vinnish identically, then scek oll
the exceptional solutions, discriminoidal op other, of D+ Qdy + Qi
wlich contain Y zmoand £ (Leg oall the four vaviables). It no sucl
solution can be found, the quaternary has no single solution in all the
variables. I sach a solution can 1o found, and rednces to zero the
quatcrnary as well as the ternavy, it is the vequired single solution of
the latter. I7 g does not reduce {he quatcrnary to zero, then the
quaternary bus no single solution whatever, 1t should be remarked
that any one of the contiined ternaries may possibly have more suitahle
solations than one, and eacl, one of the solutions of the ternavy fivst
tried should be tested by the (piaternary.

The process is muach the
same for quinury and higher Jorme,

Diccussion of Two Donlile Seyios arising from the Number of Teris
e Determinants of Certiin Foros, By 3. D0 HL Dickson, MLA.
[Read Marck Uik, 157.] b
The first double serios avises rom the numbor of non-vanishing
terms of o doterminant of 22 clements, with one dingonal of » zero-
clements.

It 2, be the number of such terms in o determinant as above de-
seribed, it is found, by stwmmnation, in bwo dillerent ways, that

Uy = (=1, + =Dy o (1),

<)
and Mo = e (_)
From (2),if B, 1 two operators cpevating only on u, and such

that 17 yelers to alone, and I to r wlone, then

L= 51"+ 1




1879.] Two Double Series, §e. 121

whenee, in combination with (1), vavious formula may be obtained.
Yor example, a formula connccting three deberminants of the same
order, 1s

i—r+ D, , = =20+, o+ =1, 0 4);
and one conunccling three consceutive numbers on the same diagonal
of Table No. 1, is

U, = (n—=1) 1ty 1o+ (r—=1) % o g v (9).
TFrom (5), by putting » =1, we have
““,” - (')L*l) (N‘n—l,n—l + /Un—z,n—2> --------------- (()) )
a fivst integral of which 1s
U = Wy, (=1 (7).
The generating function of (7) is casily found to be
c*l}
U TE e e e e e 3).
I—u ()

Table No 1is a table of values of u,,, calenlated by means of (2)
from which, in the case of n=7, »=3, we have, as examples of (1), (2),

(4), and (7),

3216 = 4. 504 + 2.0600,
5216 = 2790 + 496,
5.8210 = 2.5720 + 2. 4320,

1854 = 7.265 — 1.

The sccond double series arises from the number of non-vanishing
terms of a determinant of «* clements, with two adjacent diagonals of
r and 7 — 1 zcro-clements.

1f v, , be the number of suel terms in a determinant as above de-
scribed, 1t 1s found that

Uiy = Vyro1 T 20not,e F Vasa vt e (9).
From (9), using the same operators as in the previous case, we have
I = IFE 4 2B+ 1 or = (LI'+1)* ... (19).

By a process of some length, whicli does not appear to admit of muach
siniplification, it is also found that
Cow = (0 =1)(0y 5w Ve ne2) F Vg g e (11),
a first integral of which is
(n—Dyv, = (F=n=1) v, w0 a.0— (=12 ... (12).
Table No. 2 is a table of values of ¢, ,, calealated by means of ()5
from which. in the egae of n =15, »=175, w¢ have, as exawmples of (Y),

(11), and (12),
11274 = 8756 + 2.1105 4 182,
7

o4l =

Lo =95
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TABLE No. 1. VALUES OF 2, ,, AS FAR 4s =10, r= 10 \"’b&
T e= 0 1 2 4 5 6 7 8 9 0] B
| ’.,;"__ o
Lol 1 w / oz 7\ O
|
<\ 9 ! , " ap
Lot |2 2 1 1
b |3 6 4 3 2
-~ |4 24, 18 1t 11 9
o >‘ 190 06 78 64 55 44 -
6 720 600 L0 426 302 309 265 =
7| sum 40 w0 3260 om0 0428 2119 1854 S
L8| 42 35280 30U6D 97210 24024 21234 18806 16087 14833 S
0| guowky 320500 987280 250320 220080 205056 183822 165016 148320 133406 S
| 10 | 5625800 320520 2043300 005600 2400760 2170680 1063624 1781802 1616786 1403457 1334961 | S
AT 5
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