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1. Introduction.

i

Turs paper has its immediate origin in the implications of a remark by
Bradfield and Southwell (V. From the values of a function caleulated
(approximately) for eleven equally spaced arguments they wished to
calculate derivatives of the function for the same argwments, using the
known finite differcnce formulie. They remark that ** the order of the
i highest derivative which can be caleulated is different at different
: sections ”—implying that this order is that of the highest difference which
can be unged, Tf the finite difference formule are vestricted to those
containing orly forward, baclkward, or central differences respectively,
the implication is correct—but there must exist formule of a ~* mixed ™

* Communicated by the Aathors. Copies of this paper are available from
the publishers, price 1s. each, plus postage. ‘
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type which enable the whole ten differences to be utilized at any argument,
i. e., formulee commencing as central difference formule, switching over
to forward (or backward) differences when the edge of the difference
table is reached *. The route through the difference table would then
be —»7 or —>~,. Similar considerations apply near the beginning
or end of any difference table. We are not aware that the necessary
cocfficients have hitherto been published, and the object of this paper
is to supply them. ' :

In section 2 the main results, in the form of tables of coefficients, are
described, together with (it is hoped sufficient) discussion and examples
to enable those who so wish to use the tables without mastering or
reading the underlying theory. ~ In the last section the theory, calcu-
lation, and checking of the formule are considered. ‘

Numerical differentiation—by any formula—is of necessity relatively
inaccurate when the values of the function are not exact (e. g., rounded-off
or experimental), and the smaller the tabular interval the greater is the
relative effect of such inexactitude. It is therefore desirable to use a
large tabular interval, even though this entails the use of differences
of highish order ; we give coefficients for differences up to the twelfth.
This inaccuracy increases as one proceeds to higher derivatives, when
it is usually combined with a progressive loss of significant figures;
we have therefore refrained from giving complete tables for derivatives
of higher order than the fourth, although they have been computed for
all orders up to the twelfth. Should they be needed, they can be con-

~structed by applying the rules developed in section 3.3 to the enlries
of the basic Tables I and IV.

The possible and/or probable errors in the derivatives caleulated from
the “ mixed” type formule vary with the argument. A dizeussion
of them is desirable, and is in hand.

2. The Tables and the Method of Use.

9.1. Notulion.—The usual ¥ notations for forward, backward. and
central differences, as exhibited in the following schemes, will be used ;

% Formule starting diagonally, and finishing hovizontally, will also exist.
“They are less convenient and more laborious in use, and will not be considered
hexe. ' . . '
f These differ from astronomical usage (Comrie @) ; there forward, back-
ward, and central differences are not distinguished by different symbols,
A being used for central differences, while mean differences ave identifiable
by difference of parity between index and doubled suffix. '
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the actual nwmnbers in the same relative positions will, of course, be
identical. - '

@. Forward. Backward. Central.
a4 Yo : Yo . Yo
JAV/I) Vi, 8Y;
a+w Y1 AR Y1 AU ¥y %%
A/ Ve 813
a-+2w Ya AR Y2 Vs Yy O
AV Co Vs | 03
a-3w Y Ny Y3 VY, Ys 8%y
NY3 VY- Y33
a--4w Yy Ya Ya
&],Ollg with :U'Sny-m:'%'(Bng/nz+:}+8n3//n—§)'

The tabular interval is denoted by w. The differential operator will be
denoted by D, and we shall use the abbreviation

(DY), — s =D, or sometimes DZ.

‘We abbreviate 87y, similarly to d7,.

9.9, Description of the Tables—Table 1. (p. 11) gives the Gregors—
Newton coeflicients N , in the formule

[ n—g N\ ‘n
F (=) q)q,n N Y

w! D{I.Z/m' )

: . n=q
for g=0(1)12 and n % 12. .
Table II. (p. 12) gives the corresponding central difference coefficients
C,.» in the formule

-
C X (Y G,y 8Ty, (g even)
=0 :
w? Dy, = !

Ltes

(=) C J_Lan‘_QT:‘/m (g odd)

q, q4-2r
r

Tables T1T., 1-4 (facing p. 12), give the coefficients in the mixed type
formulee for the first four derivatives at the tabulated values of the
argument. Their arrangement is such that the coeflicient to be used as a
multiplier occupies the same relative position as the difference which it is
to multiply. The “route” is indicated by the arrows; central difference
coefficients are given in bolder type; the central difference coefficient
(always nnity) on the left of the table for D? multiplies 8%, if ¢ is even
and pud%y, if ¢ is odd. In order further to clarify the mode of usage of
the tables, illustrative examples are worked out in detail (see pp. 4-6).

B2 '
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Tables IV. (p. 13) and V. (p. 14), for arguments at mid-interval, corre-.
spond to Tables I. and II., and give N} ,, and C;, ,, for the formulze

o

P (_)n—q N’q,ﬂ An .?/m
n=q
‘2 N;, n vn ym-—l.
/U)[Iqum__é:: / 'I&:q
i (=) Cy gyar 07 g,y (g even)
20(_)' C;,q+27 8’I+‘2f ym—-’; (q Odd)
=

Tables V1., 0-3 (facing p. 14), give the coefficients in the mixed type
formule for the function and its first three derivatives at mid-interval.

2.3. Numerical Examples.—As material we employ values of the
function cos x (@ in radians) at interval 0-1, to ten decimals. The values
and differences are given on p. 5.

We will use these differences, and the coefficients from Tables IIT. 1,
III. 2, and VL. 1, to calculate y’ (0-2), #”" (0-2), and 3" (0-25) respectively.

(i) ¥ (02)

Cocflicient % difference o term in -
(Table IIL., 1) (p. 3) - result

+1 ud, = —1983 33381
—1/6 pds =19 81732 — 3302887
+1/30 3= 85,=— 24686 — 822 9
—1/60 Nb= 85 =— 9533 + 158 9
+1/105 A= 8=+ 347 + 33
—1/168 NE= 88 =+ 31 - 5
—1986 69330 9

P ———E_E————

Since w=0-1, this means that
7" (0-2)=—0-19866 9331.
The exact value is —sin 0-2=—0-19866 93307 95 ...

(i) 9 (02)

Cocffciont difference term in
(Table IIT., 2) o (p. 5) = result
L1 82 — —979 25012
— 112 58 =4978432  — 815360
4 1/90 AS=88 =— 9533  — 1039
— 1/90 1S, —+ 347  — 39
+47/5040 AS= =4 81+ 8
—19/2520 A=80=+ 25 — 2

N

— 980 066357 *

L
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Sinee 2=0-01, this means that

y'" (0-2)=—0-98006 657. -

This may be compared with the true value,

—cos 0-2=—0-98006 65778 . .

(i) ¥’ (0-25)

Coefficient « difference - term in
{Table VI., 1) C(pe 3 result
+1 B0y = — 2473 00887
—1/24 . 8§‘§:+24 70948 — 102956 2
+3/640 83, =—- 24686 — 115 7
—5/7168 Ne=8=+ 347 — 2
+5/7168 AS=8% =+ 81  + 1
—2474 03959 O
Thus ' (0-25)= —0-24740 3959,
while —sin 0-25=—0-24710 39592 5. ..

Serutiny of (i) and (i) wili show how and why decimals. and hence
significant figures, are progressively lost as we reduce the interval or as
we calculate higher derivatives, whenever the tabular interval is less
than unity.

3. Derivation of Formula and Calculation of Coefficients.

3.1. Gregory—Newton Coefficients.—Denoting as usual by Il the operation
of adding w to the argument, or its equivalent of increasing any suffix
by unity,

¥1=Fyo=(14A)yo=¢"Py, :
where the last expression is the symbolic form of Taylor’s serics. Thus
E=(1+A)=e"?
so that wD=log (1+A)

Consequenﬂy
wiDly, =(A— I \PHEAP—2A .. Yy,
= 2 (—)"TIN G, n AN Yo,
v . m=gq
Similarly El=(1—V)=¢ *P
and wD=—log (1—V/)
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so that wiDly = (V+ V243V 4V )Y
: " ‘
= ZNQI, nvﬂym
n=g

The coefficients N, , can thus be calculated by involution of the
logarithmic series. Other—and less laborious—methods exist. They
depend on the Gregory—Newton interpolation formula
rr—1)r—2) ... (r—n+1)

n!

yla+rwy=y,=2 Ao
Differentiating g times with respect to 7 gives
dr(r—1)(r—2) ... (r—n+ 1)}/{,117"1Aﬂ

APy —
Wiy =2 n !

Yy

so that : :
n N, = (=) qdr(r—1)(r—2) . .. (r—n+1)}dr],_g

=[drr--1)r+2) L =1}

which is essentially Markoft’s formula. The values of the derivatives
when r=0 can evidently be found as simple multiples of the coeflicients,
and this leads to a second method of calculating N, .

From the last result we can also derive a third method. Thus

(A1) VN, pp =LA@ e+ 1)+2) - - Fn)}mo
=[(r-+a)(d/dr)r(r-+-1) . .. (r-+-n—1)}
Aq(didY () (r2) L (r+n—1)11 20
or, on reduction, .
(1N =N TN
This recurrence formula, coupled with the fact that X, =1, enables
Table I. to be built up column by column, and provides what is prohably
the quickest and least laborious way of doing so. Actually all three
methods have been employed. and they check one another. _

It has seemed worth while also to provide formulze for mid-interval,’
since in numerical processes the time often comes when a reduction
of the interval is imperative, and the simplest methed of so doing is to
halve it. The corresponding coeflicients are obtained from formule
very similar to those above.

Putting r—s—13, the Gregory—Newton formula becomes

Yoy E, (s—3)(s—=2) = .(s~n+}3)Aﬁy0

n=>0 W

. whence we derive, as in the case of Nq’n
0N, =[(@ds){(s+3)s+E) - - - (4
a’n_d R 2(%+1)N;, n+1:(2n+ 1>Nq, 1:+29Nq—1,7z

tofo

R O i A i
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Hm recurrence formula, coupled w Lth\ =1 N, y=0 (g>0), enables
Table IV. to be constructed. From the cl.bO‘ e it is alao evident that the
N are multiples of the coefficients in the polynomial

(@+1)(@+3) ... (z+2n—1),
which provides a second method of" calculcutmo them. A third method
depends on the fact that

wDY_y=(A—3AHIA—. . (14 A) "y,

3.2. Central Difference Forinulaze—These have been given, up to the
terms involving the twelfth difference, by Comrie . It will transpire
in our next \ubsoction that the coefficients autonmncally emerge in the
process of calculating the coeflicients for the * mixed ”’ fmmuld* To

" caleulate them inde )endently we have

d=E}*—E~ =2 ginh lwD
so that
wD=2sinh=1 (§/2)
Also . .
p= LI LB =cosh JuD=4/(1+18)
Consequently .
i oo » g even, interval points
{2 sinh~(3, 25 1 S
: g odd, mid-interval
wiD?—
odd, interval points
IJ,{) NI th_l ))}7 7 ol :
) q even, mid-interval
For further information and details concerning differentintion formula
see Steffensen ™ §7, and §18.

3.3. Mived Fommlm —Although the general rule by which the co-
efficients in the ** mixed ” formule are deriv ed is the same in all cases,
its deduction will probably be more easily followed if we analyse the
particular case of the first derivative.

We have
WDy, =(A—3/+3A3—1A . . )y, '
=AY —EAP—FAIA )0+ A),
=M= Ao HE-HA—G—HAL. .y,
=18y — Ao+ 1A Y0~
since

13y =¥ A1+ Ayo)= Ay, — 1A%,
Similarly ‘

WDy =18y, — (AT —L A LA L)y,
=p0Y =AY (G AR AP )(1+A)yo
:#83/2_‘%#83?11‘5‘{(10 )/_\.5 70 %)AG—;‘ N
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The process can be indefinitely continued. for the law of formation
of the coefficients is now clear. If the

1 d. accompanying table represents the
oy dy coefficients, with
1 Cs 4, . = (— )N
bl ry ’ : n gntq
C— I
1 b, Cy then b,=a, ,-+a,
2, b,
i 3
Cp=b,_,Lb
a‘-_)_ 2)4 n n—1 n
@,y and so on. The upward progress in
“, any column ceases when the corre-

sponding backward Gregory—Newton
coefficient is reached. The reproduction of the known central difference
coefficients, and later of the backward Gregory-Newton coefficients,
provides a check (practically conclusive and complete) upon the accuracy
of the calculations.

Modifications are still hecessary to convert a table so coustructed into
the corresponding member of the set TIT. or VI. Tn the case of odd deriva-
tives at tabular points, or of even derivatives at mid-interval—that is,
where the central difference formula involves mean differences—the
central line of coeflicients in the original table is repeated three times.
at interval Jw, with §_,, 48, and 8y respectively in IIT., 1, 3, or with 5y,
ndy and 8; in VL., 0, 2. " In the case of even derivatives at tabular points.
or of odd derivatives at mid-interval, the original table has a central
line of zeros, and the entries in the lines above and below this are equal.
In Tables II1. 2, 4, these entries are repeated three times, with 6_y. By,
-and 8, respectively (or with 6_3 8; and 8, in Tables VI. 1, 3), instead of
twice, at interval w ; the zeros ave not printed in the tables.

The suffixes also need consideration. In Tables TTIL. the sum of the
outermost pair in any column is zero. In Tahles VI, however, an asym-
metry appears, owing to the fact that the tables relate to suffix +1:
the sum of the outermost suffixes in any column is, in this case, unity. -

It may also be mentioned that the number of I’s in the left-hand
column as compuied is equal to the order of the derivative, for the interval
point schemes, but one more than this for mid-interval schemes. .

To illustrate these points we reproduce a few columns of the tables
for D%y and D3y as cowputed; these should be compared with the corres-
ponding portions of Tables I1I. 2, and III. 3.

The tables could also have been exhibited in the form of hexagon
diagrams (Fraser ), and portions corresponding to parts of the tables
Just mentioned are given, to exhibit this possibility. In the hexagon
diagrams horizontal lines indicate addition or subtraction, sloping lines
indicate multiplication, and any continuous route from left to right may
be followed. o
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Yo
Original Table. .~ Hexagon Dicgram.
‘ 1377180
: 4
o 5/6 L I _11//8—2
11/12 13180 | g2 g0 N
1 —1/12- 1/ -t AN /8%
.12 190 A % — =K
i \82 Y ) % iz
0 0 yas \\ >83
—1/12 1790 1< o8, — — X
—1 - 112 N2 — KK N
S 11/12 —13/180 Nai o g
—5/6 _ 32 ﬁ\\Bi
137,180 i
Dy
249°15
15/8 : 55,
i e = T
) d_ %, — —r*z
i 8 1 N A3
1,4 15N it — +K
1/2 —1/8 A3, — —~—E< \8—§’i
=1 77120 | 1€ YRV
—1/2 1/8 Nog s0 N
: oy — —K N
1/4 115 |y N
—3/2 —1/8 Ns . NG
T/4 71120 312 X W e
—15/8 N — K
' 29/15 N

Aelnowlegements. )

The authors wish to record, firstly their thanks to the Royal Society
for a grant in ail of the publication of this paper, and secondly their
appreciation of the care and courtesy with which the printers have
endeavoured to meet their wishes, especially.as regards the printing and
arrangement of the tables. '
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