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553. SOME NUMBERS RELATED TO THE STIRLING NUMBERS
OF THE FIRST AND SECOND KIND*

. Leonard Carlitz

1. The STIRLING numbers of the first and second kind are defined by

(1.1 x(x+1)---(x+n—'l)=k_ioSl(n, k) x* .
and o

(12 x“=k§°S(n, Bx(x=1) " (x=k+1),
respectively. They, satisf).r the recurrenceé

(1.3) S,(n+ 1, k)=8, (n, k— 1) +uS, (n, k),

(1.4) S+ 1L, k)y=S(@, k—1)+kS(n, k).

It is not difficult to show that S, (n, n—k) and S(n, n—k) are polyno-
mials in n of degree 2 k. Moreover

k—1

(1.5) S, n-0= 3 5 () o)  @>0
and
(1.6) Stn-B=350 () &>o.

The coefficients S’ (k, j), S’ (k, j) were introduced by Jorpan [10, Ch.
4] and WARD [12]. We are using the notation of [6]. See also [13).

The Eulerian numbers 4, , are usually defined by ([3], [11, Ch. 8])

(1.7 ' T—Rext-b l " 2:1 nt kgl A".kk..
They satisfy the recurrence .
(1-8) . A..’_I'k'.:(n“‘k'*‘z) An.k—l'*'kAin.k
as well as - S <o -

. o x+k—1
(1.9) T;a,zl,,“(’ " )
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4
The representation (1.9) suggests that it may be of interest to consider
representations of this kind for S, (m, n—k) and S(n, n—k). Some general re-
sults on such representations are discussed in some detail in [8] but will not
be needed. We shall show that

: k
1.10) © k)= N (M1
( ) Sx("nn k)—J_lel(kv.’)( 2k )
and

I o
111 ' S, n—ky=3 Bk, j) ("1,
i Sten-b=5 860"
Moreover we find that )
(1.12) B (ky )=Bk,k—j+1) (1< jsk).
We shall also show that

113 - B, (k, j)=a,,,,

where the a, , are numbers that first occurred in an entircly different con-
nection [4]. : .

Combinatorial interpretations of the S, (n, k), S(n, k), S,"(n, k), S’ (n, k)
arc known [6], [11, Ch. 4]. However no combinatorial interpretation of B, (n, k)
or B(n, k) is known. - . : -

2. Since S, (n, n—k) is a polynbm_ig_l in n of degree 2k, we may put

2k L [n+j—1
@.1) Simn=0=3 8,6 ) (")

However it follows from (1.5) that B, (k, 0)=0, B (k, j))=0 —(‘k<j§2k).
Thus (2.1) reduces to

k
2.2) S, 0w n=k)= 3 B, (k. j) ("’;’k“).
By (1.3), o
2.3) Sy(n+1, n—k+1)=S, (1, 1= k) +nS, (n, n—k + 1). -
Thus S S

S n () Bl )n S afi)

= a1 ' oy
- 3.8, (k-1.,-)(2,(_2)((71—2k+j+1)+(2k—,T D) -

k=1 ) n+j—1
=J§B, k=1, {_(,2,"— ‘)(2/‘—1)

+(2,;_,-_1>((;;+:. -

ey
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so that
za , ,)(""’ L )=@k-1) zB k=1, (7

-1
2k—1]"

+ 3 ak-pae-1 -0 (-5 croimyp -1 A
j=2 +1/ 0 !
It follows that »
Q4 Bk N=Qk-DB(k=1,j~D+jB (k-1,/) (Isjsk).
Sincé S, (n,n— 1)=(:), it is evident.that
@.5) B,(1, =1, B, (1, )=0 G>1).

The numbers B, (k, j) are completely determined by (2.4) and (2.5).
The following table is easily computed.

= \’ R E
) o 1
Bl (klj) 2 ! 2
3 1 8 6
. B 4 1 22 58 24
5 1 52 328 | 444 | 120
: AN
Turning next to S (n, k), we have
k n+j—1
20 Son-0= 3860 (")
By (1.4),

.7 S+, n=k+1)=S(n, n-k)+(n-k-1)Sn, n-k+1),
) that . . :

ZB(k J)(zk) /Z B (k, 1)( " l)
| -.:Z,B(k lJ)(Zk 2)((" 2k+j+l)++(}c_1.)) .

2k
+:§:: k-j)Bk=-1,j) (( "”1)"(";:_]—'_-1])) '

' ."(21‘— I)g'g(k‘— b9 (Ml——ll).

1t follows that . o L. .
(2.8) Bk, )=F-j+1)Bk=-1, j=D+k+j-1)BKk-1, j) (l=sj=k).

4°
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Since S(n,-;x— l)=('2') we hawe

(2.9) B(,)=1, B(l, H=0  (>N. .
"The B(k, j) are completely determined by (2.8) and (2.9).

3. In (2.8) repldce j by k—j+1 and we get
G.) Bk, k—j+ D) =jBk-1,k=))+Qk—j)Bk—1, k—1+1> (1sj=k).
If we put B(k, j)=B(k, k—j+1), (3.1) becomes - B
G2 Bk N=Bk-1, N+Qk-)BE-1,j-1)  (sjsk.
Also, by (2.9), ' ‘ '
(3.3) - BQ, )=1, B(l, =0  (>1).

Therefore, comparison with (2.4) and (2.5) yields
3.4 B, (k J)=Bk, k—j+1) (1gj<k).

An explicit formula formula for B(k, j) can bs found in the following
way. Multiply both sides of (2.6) by x" and sum over . Smce

3 ek Z B(k, 1)( ) Z Bk, j)x1"! Z( e l)xn—2k+1—-x

amk

- 2 Bk, j) s+t S (" )= (1= e 3 Bk, j) kit
o\ 2k ¢ 4

———

=(1—x)-2-1 2 Bk, k—j+1)x!
J=1

we gct' _ .
k ) } o .
3.5) S Bk, k—j+ 1) xi=(l-x)*+1 2 S(@+k, 1)x* (k>0).
. J=1 t=0
Comparison of coefficients gives a
L 2k+1
(36 Bk, k-jrn= 2 (- (0 ) sk 0
. I .
and therefore |
k ¥4
G.7 B (k, ’C—j+1)—' Z (—1)/ '(; . )‘! Z (= 1)+ ( )s"'".
Analogous to (3.6), we hawe also

- 1. s
(3.8) Bk, k—j+1)= Zo (= 1) (Zf:: ) S, (t+k.0).
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In view of (3.4) we may state

(3.9) Bk, j)= Z (- 1y '( "”)s,(:+k, 0.
*By (L.11) and (3.9),

S, n—k) = z(*’ ’)z(—l)/ ,( )S(r+k‘t)

'=Z 5, (k. 1) Z (- 1)~ ,(2k+t1)(n+2jk—l).

The inner sum on the extreme right can be summed by SAALCHUTZ’s
theorem [1, p. 9] and we find, after some manipulation, that

@10 5o () -G
Therefore we have .

&
e S(tf,n—k)='§o(:i:')(:+‘)s(t+k 0.

To ekbress S, (n, k) in terms of S(n, k), we take

S,(n,n—=k)= ;in B, (k, J) (n+j;—l)= % Bk, k—j+1) (n+2}k—1)

=i"“ )g( ),,(_ )S(r+k 1)

= lgoS({.}.k, 1) IZ‘ (- ])}_,(zjk:ll )(n+2}'k—l).
Hénce, by (3.10),
k
(3.12) S, (1, n~k)= go(’z i’:)(/’:::’)s(wk, 0.

Note that. the coefficients on the right of (3.11) and (3.12) are the same.
The formulas (3.11) and (3.12) are not new; for references see [7] and [9].

4. While we have obtained an explicit formula for B(k, j) in (3.7), we
have been unable to find a simple generating function. However the following
results are of some interest in this conncction.

Put
4.1) ' . zo‘"’.) s, @,

where n is a positive intcger and z is an arbxtrary complcx number. BUCKHOLTZ

[2] proved that, for k21,
k=1

[S.@= ZnrU, @)+ 0 (7,

R e T U,
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v e —



e

54 : - " va L. Carlitz

uniformly ‘in a certain region of the z-plane. The coefficitnts U, (z) are deter- '
mined by : ’

4.2) ' U&= (- 1>'( d ) L.

—zdz) 1—z

It follows from (4.2) that

(4.3) U, (5)= (= 1y (1= -1 0, (2,

where, for rz1i, 0, (z) is a polynomial of degree r with positive integral coef-
ficients.

The writer [4] showed that, if we put

(44 Q. (z)=éx ay? (k=)

then the a,, satisfy the recurrence

(4.5) @y =Jjar -y, ;+ 2k =)) @y, j- (Isjsk).
Morcover

(4.6) a,=1, a;=0 (j>l).
Therefore, comparing (4.5) with (3. 2) we have at once -~
4.7 ay; =8, (k, j)= B(k k—1+l)

Put f,(x)_ z ak,x" (1_1 2, ...). Then, by (4..5).

—

j;(x)—Z(Jak 1 /+(2k J)"k -t )= x)xk

which gives

(4.8) (1—jx)j}(x)=4_x(2x—d——j+ 2) S @G>
- For c*ample, since f, (x)= x/(l x) fz( )= ——;)f(%_——i!—), so that
(4.9) Q=241 =2k =2 (k=0,1,2,..)

Generally, it follows from (4.8) that

xJ P] (X)

(4.10) S = (1—x)) (1=2x)/="-- - (1—)x)

(j='l, 2’;0-)n

where P (x) is a polynomial in x of degree <%j(j— 1), j>1, that satisfies
the recurrence ’

(.10 A== -(l—(j—1)x){2x£+2,§|"{_ 254} py, 0 G> ).
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For example, since P (x)=1, we hawe

P,(x)=(1—x)(2xi+—“+2)-1=2, | ,
. dx J—x :
’ : d 4x 4x
P,(x)=(l——x)(l—2x)(2x——+—-+-—-———+3)-2=6—2x—6x2.

. dx 1—x 1—-2x

It follows from (4.10) or otherwise that

. : 4 ‘
4.12) - ay= 2 9,09

where @), (k) is a polynomial in k of degree s. Indecd, by (3.7),

sek-ieo= 20 5 o (L)

S0 3 o= CE0

. —— ——— 5
50 that 5. ,
. .. . ' 2 ke 1\ [ j—t st

@13 Prus )= Eo(—l)'( ' )( s ) g—nt’

Using (3.7) we get T .
' . @e=B k- )=2-2k-2,
Gy =Bk, k=2) =3 2= @2k +2) 2“*+%+(2ks+2).
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