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Asymptotic expansions.

The asymptotic expansions for hl(l) and hz(z) can be used to calculate
values beyond the range of the tables, although in general with accuracy less than

that of the tabular entries. The asymptotic expansions also give a qualitatively

correct account of the behavior of the functlons, even over most of the region covered
by the tables.

The expansion

L 2,357 . -3m —4) (B1-4) - Nk
h|(z)~on4eBL12 5 [H%:l(_b)mcmz T]) Cm___ (9 4)(8|23)m3m(?n[!'2m 11°-4) (29)

represents hmz)for-—zgl <arg <L %; , but cannot be used along the ray arg z:—gl_,,—TL

(since h|(2) is a single-valued function, this is, for h'(z) itself, the same as

arqz::#;—). This ray is the branch-cut for the multiple-valued functions that

occur in the right-hand member of (12). The numerical coefficient is

W=

=2 3% W—% = 0.853 667 218 838 951 ;

we have also
W (hl’h2)= '2L0‘2.

An asymptotic expansion valid on the ray argz = - %;L is

.3 s am
h(@~weazded 22 T2 [H");-_I(-L)m Cm z'T]

1 2 LZ%_IHIL m _3m
toz 4e 3 12 [I+Z|(L) Cmz 2. (30)
ms=

This expansion holds for -%¥ <arg z<0 ; the branch-cut for the fractional powers
of Z can be drawn anywhere within the sector O<(argz,<-%?, (refs.: 33; 32; 39,
pages 196-220; 4).

The existence of two expressions of different forms which represent asymp-
totically the same integral function, h|(Z) , 1s an example of Stokes' phenomenon,
{(refs.: 39, pages 201 - 202; 34; 35; 36; 37; 12; 18). It 1s indeed immediately ob-
vious that a single expression of the form (29) could not hold for all Z , since
the right-hand member involves multiple - valued functicns, while h,(z) is single-
valued.

There is no contradiction involved in the overlapping of the regions
of asymptotic validity of the expansions (29) and (30). For if any particular term
of series (29) is chosen, then irf |Z| is made sufficlently large along any ray lying
in the regions of validity of both expansions, the difference in value between (29)
and (30) becomes smaller than the term in question . Thus the difference 1is asymp-
totically negligible compared with the remainder after taking any number of terms of
the series (29). In the region —'%g:< argz <o , the first line of the right-hand

member of (30) is identical with the right-hand member of (29) and the second line is
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Note:

TABLE I1

The Coefficients Cm 1in the Asymptotic Series

for }n(z)and h, (z)

0.1041
0.0835
0.1282
0.2918
0.8816

3.3214
14,9957
78.9230

L74.4515
3207.4900

2 4086.54,96
19 8923.12
179 1902.0
1748 4377,
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See equations (29), (30), (31), ana (32)
making use of thege coefficients.

Cn

6666
5034
2657
4902
2726

0828
6298
1301
3886
91

for the complete asymptotic expansions

6666 6666 7
7222 2222 2
4556 3271 6
6464 14,04 b
743 7576 5 |/
1862 768 3
6862 6 Is: o
1587 Ll
8 S5
2077V
2081 v
L BT
129 1902 o
(T4% 4277
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K=1.3103 7069 7104 448 ~

{:=:O.8660 25L0 378L 439

(3)

w

*=0.8536 6721 8838 952
2

wWiN

=1.3103 7069 7104 448

k=) (-4

i
(3)5=0.8735 046 473

TABLE III

Useful Constants

0.7565 4287 4711 451 L

W= —1.4574 95045 1040 461 {
= 0.5773 5026 9189 626

V3
3 )
)3

(

W

2'—K=o.2861 7856 0638 333 + 0.1652 2526 9020 841 L

= 1.1447 1424 2553 332
6 299

Loy
xX=233672

W= -2 2
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have been assigned.  So the order of the group is the product of three numbers,
viz., the number of vertices, the number of edires containing a given vertex, and
the number of faces passing throngh a given edue.

4. Yor the six regular cells of ' the results are :

Tive-cell . . N (0 T I SOOI ¢t
Tighteell . . . (C) ... 16x tx3= 192
Sixteen-cell . - () s Ex Gxd= 192
Twenty-four-cell (L) oo 24 8x3= 570
Iundred and twenty-cell  (C7,) . . . 600 x Lx3=7,200
Six hundred-cell . . (C.) ... 120 0125 5=7,200

5. Remarks.—(a) .\ deeper study proves Lhe group of the five-cell 1o De
holohedrically isomorph with that of the icosahedron.

() In the pairs of cases (C\, C,,) and (C,,, (%) the results are cqual.  This
is due to the fuct that these pairs of regular cells are reciprocal polars of cach
other with respeet to a hypersphere.

(¢) The order of the group is equal to 2r times the number of faces, » represent-
ing the number of vertices situated m any face.

Five-dimensional Space (S%).

G. (leneral Principle extended.—The order of the group is the product of four
numbers, viz., the number of vertices, the number of edges through a given vertex,
the number of faces through a given edge, and the number of limiting bodics
adjucent at o given face.

7. Results:

Six-heing . . (B o Gxhudn3= 360
Ten-being . . (B e B2 5k x 321,020
Thirty-two-being . B o 108 x6xd=1,920

&, Remarls—(«) The cases (B) and (I3;,) are reciprocal polars of cach
other, &e.

() The order of the group is equal to Gr times the number of limiting bodies,
» representing the number of vertices situated in any limiting body.

Space of n-Dimensions (37).
9, The extension of the principle is evident. The results ave:

n+1-being (B,,) +« e+ n(n—-1) . oo xdx3=§(n+1)!
On-being (1,,) . . . 2% ¢ (n—1) .. xdx3=20=1 !
Qibeing (Bo) o .. 22,2 (n=1) xGxd=20-1 9!

10. Remarks.—(a) The cases (B,,) and (13,1) are reciprocal polars of each
other, &e.

(b) Lhe order of the group is equal to (7 —2) " times the number of limiting
heings of m—2 dimensions, r representing the number of vertices situated in each of
theee.,

S, On Merserie’s Nwmbers, By Licut.-Colonel Arraxy CusNiNcuay, 2.4,
Tellow of King's Colleye, London.

Thess are numbers of form N=2v—1, where p is prime. Lucas has shown
that N is composite, and contains the factor (2p+ 1) when p and (2p+1) ave bofh
prime, and p is of form (4 +3).

Such mumbers N may for shortness be called Lucasians.  The hichest
Lucasiang, determinable by the existing tables of primes (extending to 9,000,?)00),
are given by
p=4,400,501 and 4,460,753,
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and these are the only values of p yielding Lucasians in the range of 500 numbers
between 4,499,500 and 4,500,000.  An interesting group is given by

P=248=11; p=2743=131; p=2943=32771;

and these are the only numbers of form (2¢+3) yielding Lucasians when
& not>26.  Higher values go beyond the tables of primes.
Complete list of primes p of form (4i+3), with (2p +1) also prime, when
!

1211, 23, 83, 131, 179, 101, 239, 251, 350, 419, 431, 443, 491, 659, 683, 719, 743,
011,

i » not >2,500; these all give composites for N, and (2p + 1) is o factor of N.
J) g > g ] yand (2p+1)
2

19, 1,031, 1,103, 1,223, 1,459, 1451, 1,499, 1,511, 1,559, 1,533,
081, 2,003, 2,039, 2,063, 2,339, 2,351, 2,399, 2 450,

Tt seems probable that primes of one of forms p=(2++1), (294 3) will, with
exception of those yielding Lucasians, generally yield prime valves of N, and thet
no others will; all the known (and conjectured) prime Mersenne's numbers fal}
under this rule.

9. End Games at Chess. By Licut.-Colonel ALLaN CusNiNcuay, R.E.,
Lellow of King's College, London.
Investigation of the number of positions in all the ‘end games’ at chess when
there are only two or three pieces on the board. The results are:—
P =Total number of positions 1
C=Number of checkmate positions | with a given

S =Number of stalemate positions [ set of pieces.
I'=Number of indiflerent positions

Names of Pieces Number of Positions
Number o | o _
of Pleces|  py) o1 4 White C l S I P
2 ~ K [E. . . . . ol o 3,612 3,612
3 K Kand Q. . . 324 1R | 2230476 | 293944
A K KandR. . . . 216 | 68 | 293,660 | 293944
3 K K and Kt . . 0 40 223 904 223944
|3 K Kand B(wmamed) . 0 | 136 | 223808 | 223944
L3 K | KandWBorbB . . 0 ‘ 68 | 111,90t | 111,972 !
3 K K and P (unnamed) .0 18 | 195,966 | 195,984 |
3 K Kand QRP or KPP . 0 2 24466 24468 |
3 K I Kand QKtPor KKiP . 0 | 3 | 24505 | 24508
3 K K and QRP or KB . 0 3 24,505 24,508
3 X Kand QPorKP . . 0 ‘ 1| 24,507 24,508 |

Dersrryest 11

10. Experunents showing the Doiling of Water'in an open Tupe.
Ly Professor OsporNe ReyNoLps, 77 /2.5,

11. Report of the Committce on Earth Tremors.—Sece Reports, p. 145,

12. Report of the Commitice on Meteorological Photography.—
Sec Reports, p. 143.

13. Report of the Committee on Solar Radiation.—Sce Reports, p. 106.
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14. Leeport of

15, Repore of i

16, On Recr

This paper was or
<rlenso.—See Reports.

17. A wew Deterimin

s
(laases,

When a perfect gas ¢
2w whilo its absolute ten
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A thermometer of th
an extremely small thick:
insulated from each other
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with its conducting wires

able to measure its ele

moment, The strip was pr
adupted forstripsgy Lun
plite coposed of & plat
thick. The middle part
about 0'2 mm., while the
and about 4 mm. broad.

narrow part, so that the s
comparison with that of -

enough to take at a short

' The original source ¢
which Kkindly granted [
this investigation,



