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Abstract: A useful recursive formula for obtaining the infinite sums of even order harmonic series £2°_; (1/n%%),
k=1,2,..., is derived by an application of Fourier series expansion of some periodic functions. Since the formula
does not contain the Bernoulli numbers, infinite sums of even order harmonic series may be calculated by the formula
without the Bernoulli numbers. Infinite sums of a few even order harmonic series, which are calculated using the
recursive formula, are tabulated for easy reference.
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1. Introduction

L, The infinite series
1
ngl nl +e ( )
is known to converge to a finite value for any positive value of e. When ¢ is a positive integer, the
infinite sum of the series (1) can be calculated as [1]:
- 1 ( — 1) " (m)
Y = v, m=1,2,..., (2)

!
n=1 h m:

where the psi function ¥ is defined by

¥(x)=I"(x)/I(x), (3)
with I' being the gamma function. In addition, when € is an odd integer (that is, in the case of
even order harmonic series), the infinite sum of the series (1) can also be calculated by the
formula,

1 k
— =(- ———B k=1,2,... 4
ngl n2k ( 1) 2(2k) 2k > s L > ( )

where B,, i=1, 2,..., are the Bernoulli numbers and can be calculated by the formula,

M s

m+leBk:0> m:17 2a-'-1 (5)
k=0
with B, =1 [2,3]. More typical values of the Bernoulli numbers may be found in [1].

* Work done while with the Department of Electronics Engineering, Seoul National University, Seoul, Korea.
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As we can see from (4) and (5), in order to find the infinite sum of an even order harmonic
series by (4), it is required first to calculate the Bernoulli number.

In this paper, using Fourier series expansion of appropriate periodic functions, a recursive
formula for obtaining the infinite sums of even order harmonic series will be derived which does
not require the calculation of Bernoulli numbers; that is, the main objective in this paper is to
find a formula with which the infinite sums of even order harmonic series can be obtained
without an intervening parameter.

2. A recursive formula for even order harmonic series

The Fourier series of a periodic function g(x) may be expressed as

2 2 .2
g(x)=Ag+ ¥ |4, cos™ X 4 B sin T |, (6)
i T T
where 7T is the period of g(x), and A,, 4, and B,, n=1,2,..., are called the Fourier

coefficients of the function [4,5].
In order to derive the desired formula, let us consider the functions f,(x), k=1,2,..
defined by

.

fllx)=(x—a)", 0<x<m, (7)
with f,(—x)=/f,(x) and f,(x +27)=f,(x). For the functions f,(x), k=1, 2,..., it is quite
easy to see that the Fourier coefficients B, =0, n =1, 2,..., and therefore they can be expressed
by the following Fourier series,

filx) = Aot )y Qrp,n COS NX = )y Aap n COS NX, (8)

n=1 n=0
where the Fourier coefficients a,; ,, n=0,1,..., (in which the dependence on k is now
explicitly denoted) are given by (see Appendix A)

Aok 0~ 'TTZk/(zk +1) 9)

and
ke =2 2k(2k—1
a2k‘n: n2 - (n2 )GZk_Z’", n=1, 2,.... (10)

After some manipulations as shown in Appendix B, (10) can be transformed into

2k 1y 1
Pren = T 2 2] 2k—2j-D°

=1,2,.... (11)

n j=1 n-a

Once we have (8), (9) and (11), it is quite straightforward to proceed and to obtain the desired
formula. Let us put x =0 in (8), and use (9) and (11) to get

2k o0 k—1 j
2k _ T 2k—2 2(2k)! -1 1
AT ,,gl bR (eene (2k—2j—1)1"

j=1\hn"T

(12)

n2
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After a few steps as shown in Appendix C, (12) becomes

k—2
k=1 24 k 1 _1)jQ’+l
C,=(-1 L
k ( ) g (2k+1)' jgo (2/(_2_]_1)'( '1T2 'TT2 ’ (13)
where

are the infinite sums of even order harmonic series. If we proceed one step further for notational
convenience, we finally get the desired formula

JE (- k
Si=(=1) [}; Ck—2,7 000 @ksn | KEb e (15)
from (13) after a few rearrangements with the definition
and
S, =1/31. (17)

L Some values of 1/, obtained by the recursive formula (15) and (17) are shown in Table 1.

3. Summary

In summary a recursive formula for obtaining infinite sums of even order harmonic series is
derived using Fourier series expansion of periodic functions. While the infinite sums of even
order harmonic series can also be calculated by other well-known results, the formula derived in
this paper does not require a priori knowledge of the Bernoulli numbers. A few values obtained
by the formula are shown to illustrate the usefulness of the formula.

Table 1
Some values of 1/,
k 1/S, k 1/S,
1 6 3.13!
2 90 7 BTN
3 943 3-517!
4 9450 8 o
5 93555 RS
15! 9 A IR
6 2%0.3.5.43867

211691
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Appendix A

Calculation of Fourier coefficients

1 7 'TTZk

2k
a2k,0=;j(;(x_'n.) dx=2k+1’ (Al)
Aypen= %fo (x — =) cos nx dx

2 r[u—w)“

ol a

4k " 2k—1 .
——;;fo(x ) sin nx dx

o2 m -1 .
sin nx} - —k/ (x —a)* ! sin nx dx}
o MY

21
- T 2k—=1 T -
=_.‘.1£{_|:(xr”)cosnx + f(x—’n’)zk 2COSHXd.X}
na n 0 n 0
4w =2 2k(2k—1)
= n2 - ( }12 Arg—2.n- (Az)
Appendix B
Derivation of (11) I

Several methods may be used to derive (11) including induction and direct iteration of (10). In
this appendix one of the possible derivations is given. Let us first define some quantities for
notational convenience: let

a, =4k/n’a’ (B.1)
and

B,= —2k(2k — 1) /n’x’. (B.2)
Then we have

by = a + Bibyi_», (B.3)
where

b2k=azk,n/'”2k- (B.4)

Now by consecutively decreasing the index k in (B.3) by 1 and multiplying appropriate
quantities and adding them up, we get

by = &y + Brbyy
Bibak—2=Broy 1+ By 1Bibry_4

BBy -+ Biby= :-83:84 o Bray + BafBy - Biby

4
bzk:ak+ak718k+ Tt +BzBS e Bkn2,n_2' (B.S)
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Now noting that

(—2k)(2k —1) (—2k +2)(2k — 3)

ﬂlek_l o Bk_j: nzfn2 anTz e
(=2k+2/)(2k=2j-1)
nz'sz
(_2)j+l | |
_ mk(k— 1) (k=j)2k—1)(2k—3) - (2k—2/—1),

(B.6)
(B.5) can be expressed as

4k AMk-1) (=2K)Qk=1)

n’m? n*m? n*a?

by =

(=2 k(k=1)---2-1-2k-1)2k=3)---3-1 4

+ (nﬂ)z(k—l)

I’l'sz

=2

2_2
n-a

k+ (:zz)k(k—l)(2k—1)+(

)zk(k Sk = 2)(2k — 1)(2k — 3)

-2

+~-+( )Hk(k—l)---2-1-(2k—1)(2k—3)---3-1.

I’lz"IT2
(B.7)
Since the (j + 1)th term in the bracket of (B.7) is
5| k=D (k== DEk=3) - k=2 1)
(=02 2k 1)
- (nz'nz)j el =) (Qk—2/)1" (B.8)

we finally get

by = 242 i (_l)lhzk(k*j)

n*w? 2o (nz'rrz)j

k-1 _8k(k—11'C (—1)/(k—J)
(2k —2j)! n’n? 0 (nPn?) 2k — 2))!

4k(2k — 1)1 "‘1( ~1 )f'( 1 (B.10)

R EO nin?) (k=2 -1)0

(11) immediately follows from (B.4) and (B.10).
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Appendix C
Derivation of (13)

If we divide (12) by w?* and then rearrange the result, we get
2 i "Zl 1 ( -1 )f
e+l 2 2k—2/—1)!

or

W)iﬁ Z (2k — 211—1)v(_1 1(12)j+1- (C.1)

Now if we use (14) in (C.1) we get
k g 1 ( -1 )fC}+1

Qk+1)! EO (2k—2j—1)!

k-2 ' k=1
1 -1V’ G -1 Cy
2

2k —2;-1)!

(C2)

i i

After a slight rearrangement we finally get
k k22 1 -1\ Gy
g wlor)

k=1 2k
C,=(-1 S A —
(= (=1 Qk+1)! = (k—2j-1 .

(C.3) ..)
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