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¢™ in the expression representing ¥. The values so obtained for the
coefficients in (83) above are given by

_ ¢sin 28,— 2B, cos 28,
A1~77 B—snopy (88)

2¢ 8in28,— 2B, cos 28,

e = (59
‘ B ¢ } sin 48,—sin 2
. —l-sin 2nB,—sin 2B,
A5+An+l:(An-—l+Aﬁ) 7_7_ (91)

ﬁi (2(n+ 1)By—sin 2(n-+1)Bo)

Of the constants Ay, A, etc. A)/=—3n,%; and the remaining co-
efficients are to be determined by equating to zero the expressions
multiplying each e™ in (87) above. Thus the solutions representing
flow into a parallel channel within the boundaries specified by n=1n,
have been found: and the fluid movement represented is unique in
accordance with the well-known theorem of Helinholtz ¢®.  The study
of these solutions in detail must be deferred to a later opportunity.
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XXXIL. Coefficients for Numerical Integration with Central Differences.
By HerserT E.|[SALzZER *T.
[Received August 25, 1943.]

Tug following table lists the coefficients in the formula for numerical
integration employing central differences through the fifty-fifth order.
Previous calculations have gone only as far as coefficients of the seventh
central difference. The coefficients My, occur in the following formula :

%Ja+ﬂhv/('v)dw:[éf(d)+f(“+h)+ . +_f(a+(n—1)h)+§f(a,+?b;t)]

a

LTSN 65 () — (@) g, fE(E). (1)

a1
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The coefficient M,, is identical with BE9(s)/(2s) ! where B@)(s) is the
(2s)th Bernoulli polynomial of order 2s for argument equal to s. lqua-
tion (1) is known as the Gauss-Encke formula and also as the second
Gaussian summation-formula. The following properties of these co-
efficients, given in (2)—(7), are all demonstrated in Steffensen : ‘

Mygr=0, « « = o e (2)

9 5 D2r+1Qi2e+1]1 "
S, E ) )
where D2r+10[+1] js the (2r+1)th derivative of the central factorial
polynomial

M,,

—1
x[2'+1]E$($2"1/4)(x2_9/4) N [xZ_ @ILE]
for x=0.

_ 2 (tT@+st+d)
Mo = oy Teotp™ 4

which is identical with Milne-Thomson’s

1 n ’
Mzez—'j (x4s—1)(x+s—2) . .. (x—s)dx, . . . (4a)
(28) 1) .
|N12,|<(is)2'4‘. N ()
For large s, ‘
(=1
M28~223—18%173/2 (6)
(At =10, this formula is accurate to about 1 per cent.).
1 (L.3), (1.3.5)
i\Iz.: WZDIZ‘—Z_ —5-!-'271\{[28—4_4— 7! 20 1\/[28—6—" .
—1)’[1.3...(258—3)]? —1)1.3...(2s—1)]?
(13, e8Py (DTS @ DE g

(2s—1)1 2%5-2 (2s—1)! (254-1)2%
)

The first twenty cocfficients given below were checked, using their
exact values, in the cumulative recursion formula (7). All values were
checked both by differencing the ratios Mg, /My, 4o and by actual integra-
tions.

Table of Coefficiends.

1 numesadons - Fruas

M, —= R
llf Abvgminedos #2156
My 7505
191
Mg T H0480”
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2497

My + 3628800°
A 14797
10 05300320
M +924 271517
12 261 53487 36000
M, 367 40617 '
448 34549 176000
6 14309 43169
M 135701186 85286 40000
M, _ 2313 39458 92303 .
51000 94217 17094 40000
M 1639 96886 81447
20 152570 28431 37024 00000 :
M, —-00000 00256 38286 986
M,y 00000 00061 40295 342
Mg —-00000 00014 75583 052
M, .00000 00003 55628 077
Mg, —-00000 00000 85924 015
M, 00000 00000 20805 605
My, . —guuuu UOUDU 00047 538
Mas 00000 00000 01226 642
Maq —.00000 00000 00298 549
My, 00000 00000 00072 762
M, —-00000 00000 00017 755
M, 00000 00000 00004 338
M, —-00000 00000 00001 061
M,q 00000 00000 00000 260
Mg, —-00000 00000 00000 064
M, 00000 00000 00000 016
M, —.00000 00000 00000 004
My 00000 00000 00000 001
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