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The second edition, which has been produced on a more durable paper, is an
enlargement and revision of the first. The enlargement comes from the inclusion of
eight new articles, while the revision consists mainly of the inclusion of many new
prime factors in the two factor tables in the work. ]

In general, the book is a collection of short papers by the author on various
questions concerning the Fibonacei numbers U, their associated sequence V,, and
other recurring sequences. Representative titles are, “Divisibility of U by UnU,
in Fibonacci’s sequence,” “Unboundedness of the function [p — (53/p)l/a(p) in
Fibonacci’s sequence,” and ‘““The series of inverses of a second order recurring
sequence.” There is also a large chronological bibliography on recurring sequerces.

Among the new articles is one of general interest to Decaphiles, “On the perio-
dicity of the last digits of the Fibonacci numbers,” where the period mod 107 is
shown to be 60, 300, and 15-16%" for 1, 2, and d = 3 final digits.

The two revised factor tables, which were provided by the reviewer, are at
present the most extensive in the literature. \
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Of these, the first table is a special table giving the complete ﬁac.torization. of
5U,2 + 5U, + 1 for odd n < 77, the two trinomials being the algelmraic factors in
Viu/ Vi = (BU2 — 5T, 4+ 1602 45U, +1),
n odd. : :
The second table is the general factor table for U, and V, withh n £ 385. The
overall bound for prime factors is 2% for n < 300 and 2% for 300 < m = 385. It also
shows that U, and V, are completely factored up to n = 172 and 7 = 151 respec-
tively. The table gives as well an indication for the incomplete factori&m‘t%on's f&?'hether
their cofactors are composite or pseudoprime. The introduction to this table pro-
vides the further information that U, is prime for n = 1000 iff n = 3, 4, .?, 7,'11,
13, 17, 23, 29, 43, 47, 83, 131, 137, 359, 431, 433, 449, 509, 569, 571, wihile V, is prime
forn < 500iffn = 0, 2,4, 5,7, 8, 11, 13, 16, 17, 19, 31, 37, 41, 47, 53, 61, 71, 79,
113, 313, 353. The number Ussq, which was only known to be a psemdoprime at the
time of 'publica,tion of the tables, has since been shown to be a prime by the re-

viewer.
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University of Arizona
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DIVISIBILITY OF Umn BY Ud, I FIBONACCI'S SERUENC

Let Un denote the n-th term of the Fibonacci sequence

13t dedi-Rantds (Un+2=Un+1+Un)
then the following theorem follows easily from known properties of

this sequencs:

THEOREM 1. Let the greatest common divisor (m,n) of m and n be
155a2k-0r.5,- then Upn 1s divisible by UUn:

The object of this note is to show that the converse is also

vrue:
THEORE:X 2. If Umn is divisible by UmUn’ then (m,n)=1, 2, or 5.

The proof of Theorem 2 is based on the following well known
results on Fibonacci's sequence.

Let U, (a>0) be the first term of the Fibonacci sequence
divisible by a given prime p. Then a=a(p) is called the rank of
apparition of p and is some divisor of p-(5/p), where the symbol
(5/p) is Legendre's symbol. Any term U, of the sequence is divisible
by p if and only if r is divisible by a. Let p™ be the highest power
of p dividing Ua and let r=pxk, where p does not divide k, then
Lucas' "law of repetition" for the Fibonacci sequence states that the

n+A+y(r)

highest power of p dividing Ur is p where

A
i 123 prE2,
Y(r)‘— { 0 otherwise.

It is clear that for a fixed p
(1) : Y{rs) s v(r)+y(s).

To prove Theorem 2 suppose that d, the greatest common divisor
of m and n, is differeﬁt from 1, 2 and 5. Now Ud is not a power of 5,
since otherwise by the above paragraph with p=5, a would be 5, 4
would be divisible by 5 and would contain the same power of 5 as Ua’
whereas Ud>d for d>5. Therefore there exists a prime p#S dividing Ud
since Ud>1 for d4>2. Then a(p), being a d;visor of pzl, is prime to p
and is a factor of 4. Let us write

d=ah, m=m'd=n'ah, n=n'd=n'ah, mn=m'n'a2h2.

Finally let p* and pY be the highest powers of p dividing m and n

&

respectively, then the highest powers of p dividing Um’ Un’ UmUn and

Umn are
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A Divasibility otV mn—2¥ VY V. in Tucas' seguence

Since, by assumption, V.V, [V, ., we have 2P+MsN < P4M4N, i.c., P< O,

which is absurd.»Thus d must be 1, which completes the proof.

Analogous theorems are valid for other recurring sequences of

second order. In particular, for the sequences (2"-1) ang €259, we

have:

THEOREM 3. 2™P_1 is divisible by (2"-1)(2"-1) if and only if m

and n are coprime.

AR 3111 ¢ (B aRes T F AR,
THEOREM 4. 27741 is divisible by (2%41)(2%4+1) if and only if m

and n are odd and coprime.

 EEEE—

_(Um,U )= =U

UNBOUNDEDNESS OF THE FUNCTION [»-(5/p)]/a{p) IN FIBONACCI'S SEQUENCE

Let Un denote the n-th term of the Fibonacci sequence

1551, 25,5850 550 B8 4B, 50T {Ueo=Uppq™U)

Let Ua (a>0) be the first term of the Fibonacci sequence divisible by
a given prime p. Then p is said to be a primitive prime factor of Ua;
a=a(p) is called the rank of apoarition of p and is some divisor of

p-(5/p), the symbol (5/p) being Legendre's symbol. This note is

devoted to the following theorem.

THEOREM. Let a(p) be the rank of aoparition of p. Then
[p-(5/p) }/a(p) is an unbounded function of p.

We give for this theorem two related proofs. The first proof is
based on Carmichael's theorem that every.Un, n#1,2,6,12, contains at
least one primitive prime’ factor p % . The second proof is based on
the speéial and simple case of Carmichael's theorem that every U_, q

~an odd prime, contains at least one primitive orime factor p %% | and

the special case of Dirichlet's theorem that the arithmetical
progression (3k1—1)(3k1+1). .(3ks—1)(3ks+1)x+§, where kl,...,ks are
integers >C and x=1, 2, 3,..., represents an infinitude of primes.

For the first proof we need the following lemma.

LEMMA. For every set L k2, i ey k of integers >0 there
existsan integer n>12 such that all the numbers nk 1, nk,=1, ...,
k 1 are composite.

PROOF. Put n=(4k -1)(4k +1)...(4k -1)(4k +1)+4. Then n>12, and
nk . ti={(4k -1) (4% 1*t1). . (ax -1)(4k +1)+4}& 1 1s divisible by 4% 1
a factor >1 and <n< 13 Hence for all 35 nk X1 are composite.

FIRST PROOF OF THE THEOREM. Let p be a primitive prime factor
of Un’ n>12, the existence of p being assured by Carmichael's
theorem. Since a(p)=n>12>5=a(5), the factor p is £5. Then

-(5/p)1/a(p)=k vields: p=a(p)k+(5/p)=nk*i. Suopose, if possible,
that the function [v-(5/p)]/a(p)=k is bounded so that k can take only
the values k1’ kz, ...,=ks. Then, by the lemma,n can be chosen so
that all nkirl are composite. This contradicts the fact that nkzl is
a prime p, which proves the theorem.

* R nD Carmichael, On the numerical factors of the arithmetic
forms a”zf®, Annals of Methematics (2) 15, 1913-4, p. 61-2.

*% This case is an immediate result of the well-known relation
m,n)’ E
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g0 Uwboupdodnsss of the funchienifp-(5/p)1 /alp) . . .. .. ... _ TABLE OF|THE RANKS OF APPARITION IN FIBONACOI'S SEJUENCE
Notations: -|a orime. e=e(p)=1 if p=10%t1, e=-1 if p=10k:3 or p=2,
e(5)|=0- f=f(p) |- factorization of p-e. a=a(p) - rank of apparition of
For the second oroof we need the following lemma. p. The factors lof (p-e)/a(v) are underlined.
: 24
: LEWMA. For every set k,, k,, ..., k_ of integers >0 there D £ allp f a D t a i z 2
exists a prime g>5 such that all the numbers gk,t1, qk. %1, ..., qk *1 DLy 3283 2%.71 284| 661 2°.3.5.11 55[1087 28,17 64
1 2 s 2 2 =iz =
are composite. 372 41293 2,3.7 147| 673 2,337 337|/1091 2.5.109 1090
555 AT B AR 44| 677 2,3.113  113|1093 2.547 547
PROOF. By Dirichlet's theorem, the arithmetics s 72 8{311 2,531 310| 683 273,19 684|1097 Z,3.3.61 183
‘ L ’ cal orogression 11 2.5 10{313 2.157 157| 691 2,3.5.23 138|1103 3°.3.23 48
] {(3k,=1)(3k,+1) (3% _-1)(3k_+1)}x+3 1 13000 71317 £.3.53 159| 701 2%.5%.7 175|1109 2.2.277 554
| - X oo . < - X+ = e . D o . L
‘ 1 1 s s ) x=1,2,3, ; 17 g.sg 9/331 2.3.5.11 110| 709 2.2.5.59 118/1117 2,13.43 559
contains at least one prime 9>5 for let us say, x=-x . 19 2,3 181337 2,13 169( 719 2,359 71811123 27.381 1124
YodeXas Dakithen 23°3% 3 2a|347 3°.3.20 116| 727 2°.7.13 728|1129 2.2.3.47 564
ak ti={(3k,-1)(3%,+1)...(3%_-1)(3k +1)x +3}k.*1 29220 141349 2.273.29 174] 733 2.387 36711454 2.5.5.23"/230
£ 1 1 s~1) (B *1ix +3)k, E1:90005 30|353 %.3.59 59| 739 2335.41 7381153 2,577 577
is divisible by 3k.*1, a factor >1 and < k.1 i >7. 37 2.1 191359 179 358| 743 27.3.31 24811163 27,.3.97 1164
e : S aanee e Henoo tor 41 3228.5 20|367 24,23 368| 751 2,555 350 1171 22335.13 1170
» aky re composite. ; 43 27,11 44373 %.1%.17 187| 757 2,379 37911181 27.5,59 295
B : R 161379 2,.3°.7 378| 761 2°.5.19 95/1187 2°.3°.11 1188
SECOND.PROOF OF THE THEOREM. Let q be a prime »5, and let p be 53 g.sg 27|383 27 .3 3s4| 769 2°.25.5  96|1193 2.3,199 597
& prime factor of U_. Since a(p)=qg>5=a( Thetraay 59 2,29 58|389 2°.97 97| 773 2,3°,43 ' 387{1201.F.2°.3.5° 600
S el 2ol 5)7 ctor p is #5. Then 61 22.5.57 115|397 T-109 o 199| 787 T%,197  788{1213 3.607 607
: D o)=k ylelds: v=a(p)k+(5/p)=qkzl. Suppose, if possible, 67 T2.17 681401 27.3%.5% 100! 797 2,3.7.19  57[1217 2,3.7.29 203
that the function [p-(5/p)1/alo)=k is bounded so that k can take shdy AR 701409 272%.3.17 204| 809 B°.2.101 202|1223 T°73.3.17 408
e e _ 732 .37 371419 Z,11.19  418| 811 2,3.3°.5 270|1229 2.27307 614
<4» X5, -+., k.. Then by the lemma the prime q can be 79 2,83 78|421 g_.s.s.v 21| 821 2275.41  205/1231 T.3.5.41 410
chosen 'so that all qk.+1 are composite. Thi 2 83 25.3.7 841431 2.5,43 430| 823 2,.1Q3 82411237 2,619 619
o et vien it S P is contradicts the fact 89 25,11 11(433 2.7.31  217| 827 25.3g.25 528 |1525°523% 5,15 a1
9+l is a prime p, which proves the theorem. 97207 5 491439 '523.73 438| 829 27.3.3,23 69{1259 2,17.37 1258
_ | 101 Z,2.5 50|443 2%.3,37 444| 839 Z.4T9 838[1277%2.3.,3.71 ° '213
103 243, 104|449 2,2°.7 224| 853 2.7.61 427|1279 2,3.3.71 428
107 25.5,3 36(457 T.229 229| 857 2.3.11.13 429/1283 25,3.107 1284
109 %_.3 27461 342.5.23 46| 859 £.3.11.13 78/1289 2°.2,7.23 322
| 113 253.19 19463 T:.23 464| 863 2°.3 864)1291 2.3.5.43 430
4 3 . 13785,
; 1278 128 467.22.32.13 468| 877 2.439 43911297 2,71,59 649
131 2.5.13 1301479 2,239 478) 881 2,2".5.11 88|1301 25.5%.13 325
137 2.3,23 691487 2°.61, 488| 883 2;.13.17 884|1303 2,.163 1304
139 2,3.23 46491 2.5.7 490| 887 25.3.37  888|1307 2°.3.109 436
149 2°737, 57/499 2.3.83 498| 907 2,227 908|1319 2,659 1318
151 273.5 501505 27,3%.7°-~504| 911 2.5,7.13 " 70[1321 2 9°35.11 660
157 2,79 791509 2,2.127 254| 919 2.3,.3.17 102|1327 23.8 1328
163 22,41 1641521 27,2.5.13 26| 929 2,2°.20 464|1361 23.255.17 340
187825 3.7 1, 168(523-3%, 137 o 524| 937 2.7.67 4691367 2°.3°.19 1368
ome53.29 871541 2,2.5.3%.5 90| 941 2,2.5.47 470|1373 2,3.220 687
179 2.89 , 178|547 3° 137 548| 947 2°.3.79  948|1381 2°.3.5.23 115
181 2.2.3%.5 90|557 2,3 .51 31| 953 2,3°.53 53|1399 2,37233 1398
191 2.5.19 1901563 2°TF.47  188| 967 TO.T1.11  88|1409 22.5°.11 355
195 2.93 971569 2.2%.71  284| 971 2.5.97 970[1423 Eg.sg 1424
igg 2.35.11 991571 2.3.5.19 570 977 2,3.163  163|1427 25.3.7.17 84
. 2.3%.11 221577 2,17° ', 289| 983 2 -3.41  984|1429 2°,3.7,17 357
22% 2g3.5.7 ~ 42/587 T 3.7 588| 991 2.3".5.11 198]1433 2,3.239 717
2559 2241593 2.3°.11  297| 997 2,499,  499|1439 3,719 1438
527 27.3.19 228599 2.13.23 , 598/1009 E_.z.sg,v 126 1447 23.é81 1448
2§9 2.258.19 1141601 '2,2°,3,5% 300[1013 T73.13 507{1451 2.5%.29 1450
233 ;.g..ls 131607 2°.19 6081019 Z.509 1018[1453 2.727 727
W 2.2317 238|613 2.307 30711021 2.2.35.17 510[1459 T.3 o 1458
551 5 o5+5:5 1201617 2.5.103 . 309/1031 2.5.103  206|1471 2.3,5.7° 490
587 5.3.43 020/619 2.3,105 20611033 2.T1.47  517(1481 2,2°.5.37 740
pes 330445 1291631 2.50.5.7 630/1039 2,5.175 1038|1483 2.5 e
e 1 88les1 2,2%5 52011049 27.2.451 26211487 2%,3.31 1488
269 §~3§ : 671643 27.7,23  644|1051 2.3.5%.7 1050|1489 2.25.8.31 744
SR 270|467 2°.3 648|1061 2,2.5.53 530(1493 2,3°,83 747
b g o, 1591655 2.5.109  327/1065 27.7.19 1064(1499 3.7.107 1498
2.2%.5.7 =28|659 T.7.47 658|1069 2°.3.89 891511 2,5,151 302
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INEQUALITIES FOR THE PRODUCT OF TW0 FIBONACCI NUWBERS

For Fibonacci numbers defined by U,<U,=1, U =U  ,+U . the
following equalities hold.

a+bVa+19b+1 Va-1Yp-1° Uarp-1

These equalities may be proved by induction on b, bri. Beginning with
U2 the sequence increases. From these facts the following

U TUptUg_1Up-1

inequalities may be deduced.

4 3

(1) k, 142+ ‘ Uye1 o0 U1 <U g4k, 1AL

(2) k,123, ktl<k'+l'-s U, U1<U, Uy

- i

(3) ,123 U, U;<U,

(4) kK,ooo,123> Uy - U9<Up 4

(5) k=3, ikl =it 14 Ik-1|<|k'f1'|+ U, U, <0, Uy

(6) k,123, k1lsk'1', [k-1{/KI<|x'-1'|/ VK1 > U, U1 <0 Uy
Proofs.

1) 1 =t .U, - =
(1) U100 (k1) 4 (1-1) UiUy Ue-2U1 50 UsU Uy 701Uy =Ty -

1 . - ' —
(2) By (1): k+l-1<k'+1' U, U1<Uy 4450 1511 o0 Uyge -

ey

(3) For reasons of symmetry we may supvose that ks1l. Hence, by (2):

k+lsk*k=2k<kl<klfr»UkU1<UklU1=Ukl.

(#) 3y induction on n we have by (3):
31 M SR 2 ] B 4
gt o Uy0y =0 o U U<, - U<T, 4y
Lemma. k,1>0, kl=k'l', |k-1|<]k'-1'|-k+l<k'+1'.

Proof. This lemma evidently states that the nearer a rectangle,
of given area, is to a square, the smaller its circumference.

(5) Lemma and (3).

(6) Denote k'1'/kl=m..Hence (k./m)(1@m)=k'1'. From k-1 Vm<|x'-1']
it follows |k\/m-1\/m|<|k'-1'|. Hence by the lemma
k/m+l\/m<k'+1', thus k+l<k'+1'. Hence by {2) the result.

As an application of (3) we shall prove the following two
results.

Theorem 1. The greatest primitive divisor of U o A5 being a
D

prime, and e>1 being a positive integer, is sreater than U .
> ” D

Proof. It may be shown that, for p#s, (p,UPe_1)=1. Hence by the

e ———

Inegualities for_the product of two Fibonmacei numbers_______2

e T T b e e b e e e e i bbbttt

lew of.repetition of primes in (Un) we deduce that the createst

equals U eres And by (3) we have

imprimitive divisor of U 5
D

b
U U <U _, that is U /U __,>U .
pe—l D pe pe pe 10

Theorem 2. Every Un’ n being a prime-power other than 2 2nd
other than a bower of 5, or n being a product #6 of two different
primes p, q such that pIUq, q[Up, heve at least one orimitive orime
divisor.

Proof. For a prime-power the theorem follows from theorem 1,
noting that for pf2, U >1. For n=pa#5, p, 1 being different primes
such that pXUq, qIUp, the ereatest imprimitive divisor of qu is

B 3 . it 1e
UpUq By (3) we have UpUq<qu Hence Jpq/UpUq>




LINEAR FORMS OF PRIMITIVE PRIME DIVISORS OF FIBONACCI NUMBERS

iks Infroduction. The object of the present note is to establish
linear forms to which belong the primitive prime divisors of
Fibonacci numbers. The use of linear forms permits a great reduction
of the number of tests necessary for factorization. This method has
already been used by Lucasl), who, however, failed to combine his
results and therefore obtained linear forms which are weaker than
those given in the tables I and II following.

2. The sequences (Uul and (Vul. Fibonacci's sequence (Un) is
defined by
: UastaiUs 1, UnTUn-170h_5-
1ts associated sequence (Vh) is defined by
V=1, V,=3, Vi1tV o
The first ten Fibonacei numbers are:
Iy Sl 08,005 8, 15, 121, 38 5t
The first ten-terms of (Vn) are;
TS DNNR L il, 18, 29, 47, 76, 123.
& 2
We have Uzn’Uhvn 3

3. Primitive divisors. A divisor d>1 of U, {or Vn) is called
oo ? melst vie: it it ds relatively prime to every Um {or Vm) with
m<n. There existsimple rules for obtaining all the non-primitive
divisors of Un’ once the factorization of all the Um with m|n is
known. The problem of factorization of a Fibonacci number is thus
reduced to thg problem of factorization of its greatest

POr iimdStil vie s 4t wiis oo s Moreover, the following
proposition holds: :

A. The greatest primitive divisors of U2n and Vn coincides).
Therefore the factorization of 02n is equivalent to that of V .
n

4. Linear forms.
I. Every primitive prime divisor p of Un’ for odd n>5, has one
of the following linear forms:
If n=1 (mod 10), then p=l, 3n+1, 14n-1, 18n-1 (mod 20n}
3 1, 6n-1, 16n+1, 18n-1
1, 2n-1, 4n+1, 14n-1
1, 2n-1, 6n-1, i12n+1

U W~

1 (mod 4n)

IL. Every primitive prime divisor p of Vn {and of U2n) has one
of the following linear forms:

If n= 1 (mod 10), then p=1, 8n+1 {mod 10m)
3 1, 6n+il
7 1, 4n+1
9 1y 2n+1
5 1 (mod 2n)
0 (mod 20) 1
10 1 (mod 4n)
2 1, 2n-1, 4n+1, 14n-1 (mod 20n)
1, Sn+1, 14n-1, 18n-1
14 1,+20=1, - 6n-1, 12n+l1
18 1, 6n-1, 16n+1, 1Sn-1
4 1, 2n-1, 2n+1, 6n-1 (mod 10n)
3 1, 6én-1, 6nti, 8n-1
12 i, 2n-1, 4n-1, 4n+1
16 1, 4n-1, 8n-1, Snt1

The proof of I is based on the next two propositions, which
have been stated by Lucas: 4)

B. For odd n, every odd prime divisor of Un is = 1 (mod 4) :

C." Every primitive grime divisor p.of U -is = (g) (mod n), (g)
being Legendre's symbol 2,

Combining B and C and noting that (2)=1 for p=t1 (mod 10) and
(g)=—1 for p=t3 (mod 10), whence for odd n>5 ps(%) (mod 2n), we have

the table I.

The proof of II is based on the following two propositions:

D. For odd n, every odd prime divisor of V, is = 1 (mod 10) 6),
For n=2 {(mod 4), every odd prime divisor pf Vn is =1, 3, 9, 27 (mod
40). For n=0 (mod 4), every odd prime divisor of Vi dsocm 1, 2529, 23
(mod 40)

E. Every primitive prime divisor p of vV, is = (%)'(mod 2n)
(This follows immediately from A and C).

Combining D and E we have the table II.

1) Comptes Rendus Paris 82 (1876). 167 and American Journal of
Mathema?ics 1 (13878), 238.

2) E. Lucas, Amer. Jour. Math. 1 (1878), 18s5.

3) P. Bachmann, Niedere Zahlentheorie IT (1310), 83.
4) E. Lucas, Amer. Jour. Math, 1 (1878), 200.

5) 1. e. 297.

6) 1. ‘¢c. 201.

2554 e 201 - 212,




12 Lineag;formé of primitive prime divisors of Fibonacci numbers . _

The following question arises: can theorems I, IT be improved
by proving that, beginning with a certain n, p can belong only to
some of the classes listed there?

The follo#ing theorems give a partial answer to the aboveA
question.

THEORSM 1. Every U with prime o=7, 11, 13, 17, 25, 29, 31, 37,
43, 47, 49, 53 (mod 60) has at least one prime divisor p41 (mod 20q).
In particular:

If g=11, 31 (mod 60) then U has at least one prime divisor
p=8q+1, 14g-1, 18q-1 (mod 20q)-.

If g=13, 23, 43, 53 (mod 60) then U_ has at least one prime
divisor p-60—1, 16g+1,.18g-1 (mod 20q).

If q=7, 17, 37, 47 (mod 60) then U_ has at least one prime
divisor p=2¢-1, 4q+1, 14g-1 (mod 20g).

If q=29, 49 (mod 60) then U, has at least one prime divisor
P=2q-1, €q-1, 12g+1 (mod 20q). =

PRCCE. It is'well—known that any prime divisor 3 of Uq, with
prime o, is a primitive divisor. Were all the divisors p=1 (mod 20q),
then also U =1 (mod 20g), thus U§=1 (mod 10). But, by the periodicity
of the sequence (T )5 Up=3, 7, 9 (mod 10), for any n=7, 11, 13, 17,
235295531 23T 43 47, 49, 53 (mod 60). Hence U, has at least one
prime divisor pi (vod 20qg). The theorem in detall results from I.

THEQOREM 2. Every V with prime =7, 11, 19, 23, 31, 43, 47, 59
(mod 60), or with q belng a power of 2, has at least one prime
divisor p41 (mod 10q). In particular:

If g=11, 31 (mod 60) +then Vé has at least one prime divisor
P=8g+1 (mod 10g).

If o=23, 43 (mod 60) then V has at least one prime divisor
p=6g+1 (rod 10q).

If g=7, 47 (mod 60), or if q is a power of 2, then Vé has at
least one prime Givisor p=4g+1 (mod 10q).

If ¢=19, 59 (mod 60Q) then V kas at least one prime divisor
p=2q+1 (mod 10q).

Linear forms of primitive prime divisors of Fibonacci nurmbers 13

PROOF. It is well-known that any prime divisor p of V with
prime q, or with g being a power of 2, is a primitive d1v1sor Were
all the divisors p-1 (mod 10q), then also V =1 (mod 10q), thus Vq-1
(mod 10). But, by the periodicity of the sequence (V Vsl V=3, T, 9
(mod .10);: forsn=T,.44,: 19, 235 31,.43; 47,59 (mod 60), or for n
being a power of 2. The theorem in detail results from II, noting
that Vq=7 (mod 10) for g being a power of 2.

Since, by Dirichlet's theorem, there exist infinitely many
primes for any of the forms listed in theorems 1, 2, the guestion
raised above can be answered as follows:

It is impossible to improve I, in that sense that not all the
classes different from 1 (mod 20n) may be canceled of no one of the
theorems I1, 12, I3, I4. However, it has not been vroved, although it
is probable, that in no of these theorems, no two classes different
from 1 (mod 20n) may be canceled beginning with a certain r, or one
class different from 1 (mod 20n), or the class equalling 1 (mod 20n).

It is impossible to improve ITI, in that sense that the class
different from 1 (mod 10n) may not be canceled of no one of the
theorems II1, II2, II3, IIA. However, it was not proved, although it
is probable, that the class equalling 1 (mod 10n) may not be canceled
beginning from a certain n.




3 APPEARANCE OF PRINE FACTORS
IN THE SEQUENCE ASSOCIATED WITH FIBONACCI'S SEQUENCE

Let U=1, 1, 2, 3, 5,... and V=1, 3, 4, 7, 11,... denote
Fibonacci's seguence and the sequence associated with it in"both of
which each term is the sum of the two preceding terms. We shall say
that a prime p appears as a factor in U (or V) if D divides some term
of U {(or V). It is known that every prime apoears as a factor in Ul,
while the primes = 3, 7, 11, 13 mod 20 apgear2 and the primes = 13,
17 mod 20 do not appear”’ as factors in V. The question which, and how
uany of, the primes = 1, 9 mod 20 appear as factors in V has not been
discussed so far and it is the purpose of this note to contribute to
an answer for the primes = 1 mod 20.

Let p be any prime factor of Un {or Vn) such that o does not
divide any Um (or Vﬁ) with m<n. Then » is called a primitive
factor of Un {or Vn). It is known that any primitive factor of U
also a primitive factor of Vn and conversely.  Hence a prime D
apoears as a factor in V if and only if P is a primitive factor of s

term of U with e v e n index.

on 18

We proceed to prove the following

THEOREM 1. Every orimitive prime factor of U5(2k+1)’ where kX is
any positive integer, is = 1 mog 20.

The proof is based on the following two propositions:

A. For odd n, every odd prime factor of Un is = 1 mod 4.5

B. For_any vositive integer n, every primitive prime factor ]
of U, is = (g) mod n, where Lg) is Legendre's symbol.6 '

Noting that (%):1 for p=t1 mod 10 ana (§)=-1 for p=t3 mod 10,

we deduce from B:

B'. For odd n, every primitive prime factor p>5 of U, is s(g)
mod 2n.

Now let p be a primitive orime factor of U5(2kf1)' Then p>5
(since Ug=5) and by B' we have: p=(2) mod 10, that is p=tl mod 10.
By the above remark we have (§)=1, whence o=1 mod 10, or o=1l, 11 mod

b =

20. But by A, p=l, 3, 13, 17 mod 20, whence p=1 mod 20.

TAEOREM 2. Every primitive prime factor Dol V
any positive integer, is =1 mod 40.

10%° where k is

Appearence of prime
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The proof is based on the following two propositions:

C. For n=2 mod 4, every odd prime factor of Vn is.=d, 3,3, 27
mod 40. For n=0 mod 4, every odd prime factor of Vn is =1, 7, 3, 23
mod 40.7

D. Every primitive prime factor p of v, is = (%) mod 2n. (This
follows immediately from B and the preliminary remark about the
orimitive prime factors of s andiuen).

Now let p be a primitive prime factor of lek’ Then by D we
have: pa(é) mod 20, whence we deduce, as in the proof of Theorem 1,
that p=1 mod 20, or p=1, 21 mod 40. Combining this result with C we
have p=1l mod 40.

THEOREM 3. There exists an infinitude of primes = 1 mod 20
which do not appear as factors in V, as well as an infinitude of
primes = 1 mod 40 which appear as factors in V.

The proof follows, by the preliminary remark, immediately from
Theorems 1 and 2 and from the following theorem: Every Un with n>12
and svery Vn with n>6 has at least one primitive prime I‘actor.3

It would appear that among the primes = 3 mod 20, too, there
exists an infinitude of numbers which do not appear in V, as 7ell as
an infinitude of numbers which appear in V. If thHis turned out to be
correct, the following question would arise: Is there a number m such
that among the primes p with p=l, 9 mod 20 those belonging to certain
classes modulo m apnear as factors in V, while those belonging to the
remaining classes do not appear as factors in V?
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THE ALGESRAIC FACTORS OF V. /¥, (n ODD)
IN THE SEQUENCE (V) ASSOCIATED WITI FIBONACCI'S SEJUENCE

Let (Un) denote Fibonacci's sequence

EYESSG —o) uE 1 U ) (n=0,%1,12,...)
and (Vn) the associated sequence
G2y =2, 3 =1, VoSV i Ve {n=0,%1,12,...)

or, explicitly, >
(3) Sus=(alBR /AT, where a=(1+1/5)/2, B=(1-/3)/2

The equivalence of (3) %o (1), (2) becomes clear when one considers
that (3) is valid for n=0,1 and that (3) fulfils
formula common to (1) and (2).

n
Vn=o fﬁn,
the recursion-

Using {3) it is easy to verify the followingr factorization-
formula

v Soey Le 2
(&) VSH(VH-Aan, where A, =5U--5U +1, B =50, 50 ¥1;%2)0

The object of this paper is to prove the following divisibility-

nprogerties of An’ Bn.

THEOREM 1. An
the decimal system)
terminating in 3 or 748

(n odd) divides A, Tor every m terminating (in
in 1 or 9; it divides an for every m

B, (n odd) divides Byn for every m terminating (in
the decimal system) in 1 or J; it divides Amn for every m
terminating in 3 or 7

In other words, for every odd n and every positive integer k,
we have:

A) A(lokrl)nEQ_(mod An) A') 3(10k+1)n50 (mod Bn)

3) 3(10k+3)n50 (moa AP )T LB A(iOkf3)n5° (moa B,)
C) B(10x+7)n=0 (mod Ap)

C') A(10cs7)p=0 (moa B_)
D) A(

1Ok*9)n50 (mod An) D') B(lOkTQ)nEO (mod Bn)

To prove Theorem 1 we shall use the following results from the
theory of the sequences (Un), (Vn)

R it nt+1.
(5) U_n-(-l)' U
(6) Um+n=UmUn_1rUm+1Un

e St o

’(12) U

(3)  UppeyUpeaVy-(-1)"

() Ugy=507r(-1)"30,

as well as the following identity

(10) 12506—150U“+25U3+45U?-15U+1=(5U2-5Uv1)(25U4+25U5-1ou2-1og+1)
fhe formulae (5)-(3) may be easily verified by means of (3).

-

However, it seems worth - while proving (4)-(3)
without  the use of irrational numbers. For this purpose we need the
following further fo;mulae: :
(11) vvﬂ=Uﬁ-i+Un?1

m%n=Umvn'('1)§Um-n
(13) Vﬁfn= m+n+(f?)nvm-n
(14)° vn*lfSUn°vn-1 R '
(150 W, o moaU (21 S 0
(16) V2=V, +(-1)%
(17) Vo, =5Ua+(-1)%2
(18) V3=502+(-1)"% _
Now, (5), (6), (11), (12), (13), (14) follow by induction on
n, ntl, since they are true for n=0,1.

{15) follows by.induction on. m, mtl, since it is true for m=0,
apd, by (14), for m=1.
(16) is the cése m=n of (;?).
(17) i& the case m=n of (15).
(13) follows by adding (16), (17).
(7) follows from (6), (11), for m=n.
(3) is the case m=ntl of 12y ,
(3) follows from ‘(12), (7), (18). Namely: ;
U3n=U2n+n=02nvn-(—1)nUn=Un(v§—(-1)n)=Un(5U§+(—1)n3)=5U2+(-;)n5un.
(4) follows from (15); (7), (3). Namely:'
5nfv3n+2n=505n02h+vﬁ=vn(5U3nUn*1);
Von/ V=50, U, +1
=5(5U2-3Un)0n+1
=25U2-1502+1
~(5U5-50_+1) (50°+50_+1).

v




Lemma. For odd n and arbitrary integral r
(13) A(sok+r)n™trn (mod VSn) B(10x+r)n=Brn

PROOF. By (7), (8)

U10n7Us5n"5n’ Usont1"Usnt1 Vg%

whence

UlonEOILmod YBnl’ Uyops1=t (mod V5n)

whence, by (6),

A(1Oxcrr)n 5U(10k+r)n 5U(10k+r)n+1 -

)2 U +U U_' )+l

5(UiOkn rn-1 UlOkn+1Urn '5(U10kn rn-1 “10kn+1 rn

'EEUrn'sUrn
e S (mod Vsn)
Similarly the congruence with B is proved.

The lemma shows that in order to vrove Theorem 1 it suffices
to prove

a) A, =0 (mod A) ') Byy=0 (mod B)
b) B3n§0 (mod An) b') A 3 =0 (mod Bn)
c) B,y=0 (mod Ap) c') A A5 =0 (mod B,)
a) Ayp=0 (mod Ap) ar) Bgn=0 (mod B

Jf these propositions, a and a' are trivial. For r=-3, k=1, we

obtain:from (13), by (5),
|

A7 A(lO 3) _3n=A3n (mod Vsn) B?n=B(1O-3)néB'-3n‘=B3n (mod Vsn)
that is
{20) A7 ‘A3n (moa VSn) B?nEBBn (moad VSn)
Similarly
(21) A9nEAn {mod v5n)’ BQQEBn (mod v5n)
Therefore, by (4),
A7 EAjn (mod Bn), B? =B S (mod An)

AyEA (mod An),

Thus, it is sufficient to prove that b, b' are true.

9n= n (mod Bn)

Indeed, by (9), (10),
=
Ban=5J3n+5U5n+1
=5{502-30,)2+5(502-30_)+

=1250§-15002+25U§+45U§-156n+1
=(5U2-50 +1) (2505 +2507~1002-10U, +1)

4 BpinsD
=An(25Un+25Un-1OUn-1OUn+1)
=0 (mod An).
gimilarly one nroves b'.
THEOR=M 2. (An,Bn)=1.
PROOF. (A,,B )=(A,,B -4 )=(503-50,+1,100 )=1.

THEOREM 3. For n odd, the consecutive values of An, as well as
of B , form recurring sequences of opder 5 with the common scale
1 —11 33 -33 11 -1. The order 5 is exact.

PROOF. A —SU -SU +1. For n odd the scale of (U ) (and of
(=50, ) s, =1 3 —1 The scale of (Ua) (and of (5U )) is: 1 -8 8 -1.
Thus the scale of (SU -5U, ) is:4 -11 33 L33 11 -1 Since the sum of
the members of the last scale vanishes,it does not change when we .adad
a constant to all the members of the sequence. Thus, the same scale
also serves for (A =5U2-5Uif1)- 4 similar proof applieg to Bj.

To prove that the order 5 of (A ) is exaet iy suffices) by
Kronecker's criterion, to show that

Loo 47

A? A9 A11
Ay Ayy Ay #0
A7 A9 A A13 A15
A9 A11 A13 A15 A 17
To do this it suffices to show.that D0 (mod m) for at least
one positive integer m. Thus we can replace in D every Ai by Ty where
ry=Ay (mod m). In fact, supposing m=7 we have
1523535 =53
=i B=Biied 5
D=| 3 -3 -3 3 -3|=2£0 (mod 7)
b it b e s B |
~SEOBE -5 il T
Similarly we have for (B‘): D=240 (mod 7).

b

4

b

Al %
o
D= A5

b
~3

CONJECTURE. For n odd, every A (n>5) and every B, have at

least one orime divisor, being a prlmltlve divisor of VSn (that is a

divisor which does not divide any Vx with 1<x<5n).

If this conjecture turned out to be correct, ‘it would appear
that for n odd every V5 {(n>5) have at least t w o orimitive prime
div1sors {so far the existence of one such divisor is known)
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20 - Then@_lggg?_élQ_£§Q§9£§._.ggzzSné:n::::::::======___===
Bt '— —————— / /
603/ o )
, o
. : 5 v FACTORIZATION OF Vg /V, = (5U§—5Un+1)(5Un+5Un+1)
A_=5US-5U_+1=3+V, -5U L n B =5U_+5U +1=3+V,_+5U I
i = \:{ 1 i e ke 11 Prime subscripts and primitive prime factors are underlined
s 31
101 5 gsi A1l factorizations of the primitive divisors of A, with n = 37, 47, 53-61, 65-753,
5'6751 ; ; 59é1 ‘ 77 (except the factor 571 of A57), and of Brl with n = 37, 47-77 (except the
39161 11 40051 factors 941 of B,, and 1061 of B.,) are due to John Brillhart.
270281 13 : 272611 i 47 53
1857451 15 1863551
12744061 17 ' it 12760031
87382901 19 . 87424711 2
599019851 21 g 599129311 n A =5UZ-5U +1 B =5Up 25U, +1
4105974961 23 4106261531 1 49
28143378001 25 - © 28144128251 3 11 31
192899171531 27 ; 192901135711 101 151
1322154751061 29 pE T 1322159893351 % 71 17
9062194370461 31 9062207833151 5 31.181 11,541
62113232767531 33 - 62113268013311 11 39181 11°:354
425730505493801 35 425730597768451 3 37—51571 131.2081
2918000490238361 37 2918000731816531 T5 15112301 107.18451
20000273409331051 39 20000274041790911 17 11.1758551 12760031
137083914639998701 41 . 137083916295800111 15 87382907 11.197.41611
939587132382262661 43 939587136717207031 37 37.911.21211 11.71.767131
6440026020705728651 45 6440026032054760351 23 11'1151.524301 5981.686551
4414059476784651281 47 4414059506496802011 3% 28143578007 251.112128001
302544139285509881761 49 302544139363297302251 27 T1.271.541.119611 31.181.811.42391
2073668380118888112011 51 2073668380322538222751 29 1325754751081 11.12019635394
14213134521954007123781 53 14213134522487170035511 37 313.29130688651 11.823837075741
97418273274625487577901 55 97418273276021326202351 %= TTé'*31 15508534861 31.39161.51164521
667714778403216083170411 57 667714778406870436132031 35 151.54607. 51636557 101.5607071.7517651
4576585175555195800538201 59 4576585175564763020798611 37 11.265272771859851 2918000731816531 ~
31368381450502288961117801 61 31368381450527336268937411 %5 31.751.2081.2751.866581 11.1951.24571.37928281
£15002084978010921542925611 63 215002084978076496246124031 41 1231.111359800682371 11.5747.2170732312961
1473646213395705311245758301 65 1473646213395876988047533951 45 71.1297. 6616344651646 431.1721.1266715025281
10100521408792269610780933781 67 10100521408792719066483062311 I% 10118457, 221407 15608701 151.72%01- 3467131047901
69230003648151080875625035211 69 . 69230003648152257565929645151 7 11.119851.334B1417453721 941.6581.8461.8424%2231
474509504128267649899203532561 71 474509504128270730514415233851 %§ 49179111471 459807660691 11.771.88972241.4353947431
 5R52336525249728629649223095281 73 3252336525249736694804553589211 51 31.1021.53551. 95681, 12760031 11.1158551.162716451241291
22291846172619848887956019122251 75 22291846172619870002806798902751 5% 11.17491 - 735872456598219381 1061124021 7657531 14761601
152790586683089255815744470321461 77 152790586683089311095141479169031 55 1oi,9545%7359154707797801 151.92401.6982111964759801
57 11.191.571.41611.32491.411677941 31.87382901.2069101. 119130001
9 552241.8287296987284891561 11.12%91.3358%8031.99979884881
1 86011.307275%1.11868899%78561 11.28516710409570%30569903401
83 11.71.541.631.767131.1051224514831 31.781.911.21211.198%000765501001
65 151.3251.843701.3558039391075701 101.14590556568276009782648851
67 11.978229218981115419161903071 1010052140879271906648%062311
€9 %1.5381.686551.4641631.117169733521 11.7151.4831.324301.3490125311294161
71 474509504128267649899203532561 11.43137227648024611864946839441
73 77.514651.7015301.8942501.9157663121 3252536525249736694804555589211
5 253.751.2251.112128007 . 46853582653501 28143378001 . 792081397330050024751
77 11°.71.3%31.84100171.582276311.1097233061 911.3851.39161.1112118152741317993¢e1
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ON THE GREATEST PRIMITIVE DIVISORS OF FIBONACCI AND LUCAS NUMBERS
WITH PRIME-POWER SUBSCRIPTS

The greatest primitive divisor Uﬁ of a Fibonacci number U, is
defined as the greatest divisor of Un relatively prime td every Ux
with positive x < n.

Similarly, the greatest primitive divisor Vﬁ ofaLucas‘number Vh
is defined as the greatest divisor of Vn relatively prime to every Vx
with non-negative x < n.

The first 20 values of the sequence (Uﬂ) are:

%=1 T splai s Tl S Sa s = 5 U =1, Uy =03, W
Ué=17’ U‘;Q=11’ U1'1 = 89, U1'2=1, U{3=2331 U%4=29’
U

1'5 =6%; U‘;G = 47, U«;7 =.1597, U‘]'S =13 U1’9 Siti8l Uéo F

As may be seen from these few examples, the growth of the
sequence (Uﬂ) is very irregular. However, some special subsequences
of (Uﬁ) may occur to be increasing sequences. E.g., the subsequence
(Uﬁ), where p ranges over all the primes, is a strictly increasing
sequence (since Ué = Up and (Un) is a étictly increasing sequence
beginning with n = 2).

Similarly, the subsequence (Vé), where q ranges over all the
odd primes and over all the powers of 2 beginning with 22, is a
strictly increasing sequence.

The main object of this note is to prove the following

inequalities:

(1) Uty = grs (p - a prime, x - a positive integer)
P P

(2) U iy = B! (p - a prime, x - a nonnegative integer)
2p’ 2p*
p D

(2%) V'%+1 > 7'y (p - a prime, x - a nonnegative integer)

P
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In other words: the subsequences (U;x) and (U'px) of the sequence
(U'), as well as the subseguence (V'x) of the sequence (Vﬁ), p being
i P
a prime and x = 1,2,3,..., are strictly increasing sequences.
Since (as is well known) the primitive divisors of U2n and Vn
(n > 1) coincide, we have: U, =V (n> 1), and especially:
UI

x+1
2 s s
p> 2, also (1) and (2%). Thus it is sufficient to prove (1) for

=V (x > 0). Hence, (2) and (2%) are equivalent, and, for

p> 2 and (2%) for p % 2.

We shall even show the stronger inequalities:

(3) U'yyq >U, (p - aprime, x - a positive integer)
p P
- i - teger
(3%) Lt >V (p - a prime, x - a nonnegative integer)
P
Since U_ > U!, Vﬁ ;:Vﬁ, it is obvious that in order to prove
n n

(1) for p> 2, and (2*) for p # 2, it is sufficient to prove (3) for
p>=2 and (3*) for p # 2. However,.it may be remarked that for p = 2,
(3*) is evidently true, since V.=V

2 2
increasing sequence beginning with n = 1.

£ and (Vn) is a strictly

The main tools for proving (3) for p > 2 and (3*) for p # 2,

are the following inequalities:

(4) U >n0". (n>2, x>1)
( nx+1 nx

-1 >
(5) Vnx+1 = Vnnx =2, x=1)

In order to prove (3) and (3*), it is sufficient to prove some
weaker inequalities then (4) and (5). However, since (4) and (5) are
interesting by themselves, we shall prove them. For the proof we

shall use the well-known formulae:

(6) 1 follyx {=1)020] n+2 _ _n n+1

Un = Vg
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(7) V, = o 4+ (-1)%? o=14Y55 3

as well as the following inequalities:

(8) 7%.%.211 >0 (NS 3)

(9) BE T (sl 2 2)

(10) §<>en>vn (n > 2) :
Proof of (8) (by induction). (8) is equivalent to

(8') E7508 & T Semilt 3 3)

(8') is valid for n = 3. If (8') is valid for n, then:

gt g o0 6:2" > /5 + /5 > /5 + W5 = 7(n+1)V5.

‘Proof of (9), (10) (by induction on n and n+1).
(9) is valid for n = 2,3, since

u2=1+a=1+1—;JE=L‘£ﬁ>342-M4>2___.2U

2’

°(3=a+d2=1_%ﬁ+L;_\5=2+\/—5->2+ﬁ=4=2U

3'
TIf
< > 20,
a2 s oy
n+1’
then also:
ocn+2 2V &0 gHt > 2(Un LU ) = oy

n+1 n+2°
(10? may be proven analogously, noting that, by arguments

employed in the proof of (9), (10) is valid for n = 25, inines
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Q
)
\Y

Ullov  WUijoy

vy vijloy
Q
]
vV

Proof of (4).
(1) For n = 2 we have, by (6):

x+1 x+1 x+1 _oX+1
DT I O v DY S
2
x+1 X+1 X+1 _oX+1
- o2 }>%{o(2 -(2-a% ) =

2

_2x+1 < 1 oX & _ZX} 5
-2+ }—2{7?(“ o) =2U2x

2 2
5{a
5 i oXH1
£ { )

(2) For n = 3 we have, by arguments employed in the proof of
(9),

x+1 2 3
e >0 = (o(3) >47> T,
i.e.,
°‘nx+1
7 >1s
Hence, by (6), (8), (9):
x+1
X+1 x+1 x+1 n
1 n (1 )ReD 1 { n oot ] _
Unx+1—7§{°( (=1)"o }>7§ =3 7
x\n 4
1 6nx+1_1.§.n(§n_>>Un
V5 7t TVS R 2 2 n nx‘
' - -2
Proof of (5). For n > 2 we have (n*-1)/(n-1) = n* Ll gL

+ 12051 > (-1 )x-1, whence: n*-1 > (n-1)*. Hence, by (7), (10),

and noting that (by arguments employed in the proof of (4), part (2))
X+1

- > = %—we have:
x+1 _ X+ x+1 X+
v = ol + (=)™ > - >
nx+‘l N
x+1 x+1 x+1 x
o -%->o(n —%c(n =-§:(o(n) =
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n n-1 n-1
x x x Xy iy
g et al@y, o R B
n-1 n-1 n-1
X n-1 X x
s a et ceE ) T e
- n
Remark. In proving the inequalities (4)5e(5)EnT was assisted by
my son, Moshe, who also noted that (5) cannot be strengthened,

analogously to (4), to: V 2t >-an. Indeed, forn = 4, x = 1, we

n 4 40
have: V 5 = 2207 < 2401 = 77 = V4. %
4
It may also easily be seen, by (6), (7), that
U'nx+1 n-1 '
(11) lim = 2 (0 =.1)
X200 N 3
n
v X+1
lim £ — - oo
X-o =1
e
Proof of (3), (3*). For p # 5, (psU _) = 1. Hence, by the law

x
p
of repetition of primes in (Un), the greatest imprimitive divisor of

U x+1 18 U ., whence, by (4):

p p
-1
U’ =U 0 2> pUP
px+1 X+1 px px
hence,
(12) Ulrer > pU? (r>2, x>1)

For p = 5, by the law of repetition of primes in (Un), the

greatest imprimitive divisor of U is 5U _, whence, by (4):
5x+1 5x

' - 4
U5x+1 - U5x+1 / 50 x >U X

S5 5

hence

\%
&
~

S
\%
o
H

V

(13) U

On the greatest primitive divisors jid

i i the
For p # 2, by the law of repetition of primes in (Vn),

L ) v is V _, whence, by (5):
greatest imprimitive divisor of px+1 px:

-2 2rx= 1)
' =V / v > Vn (P > 2, -
Vpx+1 px+1 px px
hence
p-2 DL X 2RT)
(14) Vg =V PRy ES
P P
Now, (12) and (13) together are stronger then (3) so that (3) is
2

valid a fortiori. (14) is stronger then (3*) (except for the case

i h is true) so that (3%)
x = 0 in which (3%*) simplifies to V£ > 1 whic

is valid a fortiori.
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Sum Of Square e e T

Proof of (62). Putting in (53') m=n=kr, we obtains:’

: SUM OF SQUARES OF THE NUMERICAL FUNCTIONS Un, Vn OF LUCAS | - n s i n r
i 1 kr P -y X _-
f » k- o | D0 Vo2, OV (VAT -2, 02 Wi/ QT2 (Ve /QT) 20
’! 1t subjeoy consldered Here has already been treategd by Lucas# : ) i /2
who obtai - : i ) 5 o

I o An wh?ez ;he fqrmulae (62) - (64'), setAout below. However, the | putting 2r instead of m and r in (54') (after multiplying by Q )
} h.Y ; c ucas arrived at his formulae is not qu;te plain from we further obtain:.
; 1s short exposition, which, besides, suffers from there bein = (v U r/Qan )-2n
I certain misprints. In thi : 1€ = \Win+1)r’n T
3 N e *. S note we give a fresh account of the same and. by :(527):
i s, keeping as far as possi : nr AN £ : nry y.on-1.

possible to the notation of Lucas. = ((U(5041)p~2 U.)/U,)-2n = (U(2n+1)r/Q U,)-2n-1

Let a, b denote the roots of the :
equat 3 3

choahity ; Proof of (62'). Putting in (53') m=n=(2k+1)r, we obtain:

(1) X2 = Px-Q
J k+1)r
2 (2k+1)r 2 (2k+i)r_(y Q(2k+ )-2,
U =V -Q 2,80 Q +1
Whose coefficients P, Q are coprime, positive or negative, e A0 (ok+1)r=" (2k+1)2r s (2k+1)r/ (2k+1)2

and consider the two numerical functions U, V defined by ‘ n_ 5 Q(2k+1)f - :E:(V /Q(2k+1)r)-2n
(2) w© o_pt : ‘ | 2> k) 22t (2kr1)2r
n = (a7-p7)/(a-b), v, = al+pB, i k=1 = ;

Putting 2r instead of m and 4r instead of r in (54) (after

There are the following formulae: | m ;
{52). 0.0 =i ny multiplying by @7/ "), we further obtain:
n'm nn ™% Up_p : 2nr
: = (V5 daU513/Q°5°U,8)=2n
(53) VvV =v __+% 2nr-2nr 2r
m'n _ ‘mtn’ ¥ Yp-n and by (52): 9
. 3 = & nr b3an
(53") AUmUn i vmfn'Q Y ons A = (a-b)2 ‘ = (U4nr/Q' UZI') 2n .
3 Similarly (63), (63') are obtainable from (53), (54), (s2).
(54) S W kr/2 _
k=o m‘\"kr/Q- V(2m*nr)/2U(n+1)r/g/Qnr/zUr/g . y . :
n Proof of (64). Putting in (53') mrkr instead of m and n, we
k=1 mtkr (Ve @ Vm+nr'vm+(ﬂ+1)r-Qer)/(1+Qr_vr) obtain: : ) R
' 2 mtkr <yl _ ol kr
MUprir = Vomeokr™9 2 Aﬁis m+kr EE§V2m+2kr Q 2E§2Q !

From these formulsae the following further ones can be obtained:
whence by (57), putting 2m instead of m and 2r instead of r, we

oA
2 kr
(62) AEikar/Q = (Uione1) /R0, ) -20-1 i
| obtain:
fkies AQFAUE (2k+1)p 5 j v +Q2rv -V -Qer (n+1)r 1
: k=o (2k+1)r/Q = (U4nr/Q ang})-En : ; . —emter Zgizng Ll =2+ Vom - Q"2 Q___;__;_
‘:d } 1+Q2Ty QR -1
6 2 sakr _ ! 53
a2 EE;Vkr/Q i (U(2n+1)r/Qanngn'1 i
whence by (53) we obtain (64).

n-1 :
63' 2 (2k+1 i 3 s btainable f ), (57).
(63') EEEV(Ek*i)r/Q Jr _ (U4nr/Qan2r)+2n | Similarly (64') is obtainable from ‘55 57

# B. Lucas, Théorie des Fonctions Numériques Simplement

v
Périodiques, American Journal of Mathematigs 1 (1878), 204-206.

2r
2mr2(n+1)rVom @™ (Vop,op,.-V ) - (
2m-2 n+i)r
Vol 2r ; L. . 2Qm u
2p8 Qf-1

]

n
64 2
(64) Agi;Umfkr

.

n v - : 2r
(64! 2 i 2m+2(n+1)r‘vgm'Q (v -V )
: Eégvm*kr amranr 2m-2r . 2QM 912:113:1
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THE PRODUCT OF SEQUENCES
WITH A COMMON LINEAR .RECURSION FORMULA OF ORDER 2

1. PRELIMINARIES. A recurring se

quence (Rn) of order r with the
amlc tiedriniaitiiin g

8stic: fas 1lel - g Afa where Bosene

arbitrary complex numbers with a,a
r :

}[:(-1)1ain

i=o0

We consider k-1 (k>1) recurring sequences (ng)) (i=1,.

order 2 with the common alternating scale a, b,

os" r? ,ar are
r#o, is a.sequence for which

=0 mi(n=iiost g o

n+i

Sey,k=1) of
¢. Our principal aim

k-1 :
is to prove that (Pﬁ)=(I‘IW§i)) is a _ecurring Sequence of order k,
i=1

and to find its alternating ‘scale s; (i=0 sk 1)

The fundame ntal
alternating scale a, b,

(k) U'kUk_l...Uk_i+1
ARl

U1U2...Ui

PRGN

recurring sequence (Un) with the
¢ 1s defined by UO=O, U1=1. We call

, and (g)U=1, & g estnf{e . r'a“l\i zle a

b ¥n o'm‘s &1 coefficient formed from the sequence
(U,). ;
n n
We denote by (a™) ang (™) the two
Sequences with the alternating scale a, b
the equation

geometricgali
s C, whence ¢ angd B satisfy

2

a-bxt+ex<=0.

n
—+—), as a linear,combination of (o®) ana (pn), has
evidently the same scale as (
we have:
n_on
(1) Uy = S - e lane2g, gt
if af£B. Eor similar reasons we have for a=8:

n
Since (aa

Un), and takes the values 0,1 for n=0,1

t

(1) U, = no?-1
By (1) om (1"},
U = ol eply,
: Ky 1 ¥
Multiplying by (i)U T~ We have
k
k - k-i k-1 i/ k-1
(l) a (1 I)U*B ( )U'

Tef Sk ; denotes the sum of all products of i
Lty
of the sequence

(3) a1
(SK’O=1),'then

sk different terms

31

- k-1 . on the factors
the sum of those products in which a ig one of e
Indeed, k—iﬁi-ls ‘while the sum of all other p

is obviously a k-1,1-1’
i 5 -
P Sk_l,i .
If aB=1, then by (2)

-1,.i-1,k-1 ick-1,y |
(5') . (§)U = 1ﬁl 1(i-1)U+B R a (a')
k) and S =( GB)(Z)z(E)U: there follows by (4) an
Since Sk,o=(0 Ui K.k . d
that for af=1,

S¢,1 = Hly
(5) ;

AT-1 is the alternating scale of

#
IO/, Wion fult; i) an-1y(d } can be
i t W =
(An'iRn). Hence the quantities belon .ng to ( h ke

i {i)y s:
expressed by those belonging to (Wh ) thu

al,...', ar

E:)\.Za’ T)=}\b, E=G; E=}\a’ Fﬂﬁ;

k-1 (k-1) g

= (k=1)(n-1) =
3 P:)\.(k‘ )( Pn, si ) 1

i(k-i)/k
ok MEY is the
= ) whose n-th term
2. THEOREM 1. The sequence (Pn {:iwn

pr

n 3 BASLE Ly n )
iS g

k .

Si = (%)( 2 (li)U (1=0,"':k)$

i.e. we have -
k % —

(7) %;%(-1)1(%)‘ 2 N (5) Ry = O
Also s A
(7') i(-i)l( 2 )0(2)(1§)U*?n+i =0,

" i=0

ting
sequence with the alterna
where (UE) is the fundamental recurring seq

scale ac, b, 1.

U_wfuia0: %
I n-kta _ { }.rs (7) becomes
In case Pn = Ul"’Uk-l k-1’0 v
B b T S A I o & o
(8) -3 CrE P IR G0 S Eag gt
i=o0 . : :
Some of the simplest cases have been noted in the literature
s . 1 t i P
a=c=b-1=1, (W_)=(A+(n-1)D) is an a r i t h m e
o : 5 Ly K) and (7) becomes
cal progression, ({)y=(}), .
£ ik : k=1 _ 4. 2)
(9) > (-1)l(i)(A+(n+1—1)D)




The more general formula
2 (-1)2(3)TI(A.+{n¥i-1)D, = o
i=o i=1 J
seems to be new.

(2) For A=1, D=0, (3) becomes

k
-0l 2o
1=0

(3) For a=c=b-1=1, (8) becomes

ﬁ(-ni(“)(n*i |
=t e 3

4 -8ad=D=C= =| 2
(4} For -a=b=c 12 Pn‘Un’ i.e. for the squares of the

Fyd b.0:;0.8.0:6i 4 {0 Bioir 8.0, 1, s 2%

0. 4)

‘ cee, (7) becomes
2 2 2 2 :
T .
2(‘an*Jnﬁl) T Un-1+Un+2' 1
Already the next formula

3 %) Siim &
Un+2*Un-2 = 6Un*3(U2+1_U2_1)
seems to be new. :

. 1PROOF. First let a=c=1,
P =I'T(4,o"+B, "
X 1=1( i i87), whence P, is a linear combination of geometrical

progressions with the rati .
ios (3). Consequently (Pn) is a recurring

Sequence Of OrdeI k, WhOSe Scale COHSISCS Of the Oefflc ents (o] t
[¢]
2 i f he

; 2
So=8 XS, X +...+(-1)k3kxk =0,

with the roots (3). But, b = k
2 3), » by (?), Si’sk,i=(i)U’ whence (7) for a=c=1,
h

: I]?“a=ﬁT i.e. b=t2, we can say that (7) considered as an
a(g?bralgal identity for the variable b, with constént Ky .
Wi W (g i L) (1) i S e
vgl ? .2, Uy o e Wn+k having been expressed as
Polynomials in b) holds always, since it holds for bit2

Seeh For arbitrary a, ¢ (ac%o), we put, in (6), A=(S 1/2
a=c and §i=(§)ﬁ. Hence si=A7(k‘1)(k“i)§ =A8(k‘1j(k'£?zk)_
17
K =il don s e wof 21 ’
Higemealis s, -

s So that

a-(k=1) (k-1)+i(

Putting A=cC we have:
k-1 S
s, = @030 k) 0 a oY) i) i k=i (iy_(k
£ = Q02 - @t L0 g

whence (7').

ofB. Th (L) g oBlp ynd
ot en we can write L =Ajo +Bipn,

%, THEOREM 2. For the fundamentel recurring sSequence (Un) with
the alternating scale a, b, 1, where a and b are integers, every
generalized binomial coefficient

() S s, o i
2 = 3 PNy
171 Ul"'Ui
is an integer. 6)
FIRST PROOF. Obviously (8)U=1 and (?)U=Un are integers for all
n>0. Let (S)U?"”(k?2)U be integers for all nx0. Then we show that

also (knl)U is an integer for all n»0. This follows from (8), when
== k-1

all coefficients al 2 >(Ii‘)U

last one being equal to 1, since (kl_ll)U equals 0 for n=O,7..,k—2 and

1 for n=k-1.

. . ko,
(including (k-l)U'Uk) are integers, the

SECOND PROOF. Again (k'l)U=1 and (kzl)U=U,_{_1 are integers for
all k=0. Supposing that (§:i)U and (kfll)U are integers, we see by

(2), since a and B are algebraic integers for c¢=1 and intecral a and

K Uy Ui Ly
b, and since (i)U = <F—1.

is rational, that (§)U is an integer.
10Uy

1) More generally, the product of k recurring sequences of
order r+l1 with a common alternating scale is a recurring sequence of

k*r)

order ( , whose scale it would be interesting to determine.

2) I. M. Ryzhik, Tablicy integralov, summ, riadov i
proizvedenij, 1343, p. 264, formula 7 for a=-x.

%) Ibidem p.252, formula 10.
4) Ibidem p. 254, formula 36 for h=-1.

5) A. Boutin, Sur la série de Fibonacci, Mathesis (4) &4, 1314,
p. 125, formula 2.

6) That (K) is an integer was proved by B. Pascal, Oeuvres, 3,
1308, p. 2?8-28é. Compare L. E. Dickson, History of the Theory of
Numbers I, p. 263.

That (K) is an integer was proved by P. Bachmann, Niedere
Zahlentheorid EI, 1310, p. 31 and R. D. Carmichael, On the Numerical
Factors of the Arithmetic Forms o B, Annals of Mathematics (2) 15,
1913-1314, on p. 40, for c=1 and coprime integers a and b. But their
proofs (which differ from our proofs and from each other) are,valid
for general integers a and b. Carmichael quotes the proof of E.
Lucas, Théorie des Fonctions Numériques Simplement Périodiques,
American Journal of Mathematics 1, 1878, on p. 203, which is,
however, incomplete.
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On the periodicity of the last digits 35

O THE PERIODICITY OF THE LAST DIGITS
OF THZ FIBONACCI NUMBERS

THEOREM 1. The last 4 > 3 digits of the consecutive Fibonacci

numbers repeat periodically every 15.10‘1_1 times.

The proof is based on the following theorems from the theory of

the Fibonacci numbers. -

NCTATION. A(n) - the period of the Fibonacci sequence relative
to n.
a(n) - the least positive subscript of the Fibonacci
numbers divisible by n (known as "rank of
apparition" of n).
[a, b,...] - the least common multiple of a, b,... .
THZOREM 2. A(n) exists for any whole positive n.
5580 wnPyan .
THEOREM 3. If n = Py Py -..p is the canonical decomposition
of n into different prime-powers (p1, Ppreees Py being different

prinmes and d1, d2,..., dk being positive integers), then

d1 d2 dk
A(n) . [A(P1 )7 A(pz ):'-') A(Pk )]°
THEOREM 4. For any odd prime p and whole positive 4,

A(pd) B a(pd), 2a(pd). or 4a(pd)

according as
a(pd) = 2 0, or 1 (mod 4).
For 4 > 3, a(2%) = 2a(29).
THEOREM 5. For d > 3, a(2%) = 3.28-2,

For any whole positive d, a(5%) = 5%,

PROOF OF THEOREM 1. Obviously the problem of determining the
period of the sequence of the last 4 digits of the consecutive
Tibonacci numbers is equivalent to the one of determining the period
of the Fibonacci sequence relative to 10d. Yow, for any whole
positive 4 2;3, by the above theorens,

aioh) = a2¥sh) = (a2, asH]
[2a(2h), 4a(5™)]
[8.3,0952 5 sPq
= 4[3.2%7%, 5%
L Bezi2” 05"
- 3529857

RIMARK. It was well-known long ago that the last (units)
digits of the consecutive Fibonacci numbers repeat every €0 tiées.
Stephen P. Geller (The Fibonacci Quarterly volure 1, nurber 2,
page 84) found empirically that the last 2, 3, 4, 5, 6 digits of
the consecutive Fibonacci numbers repeat periodically every 30C,

1500, 15000, 150000, 1500000 numbers respectively.
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TABLE OF FIBONACCI NUMBERS

Dedicated to the Memory of Prof. Jelkuthiel Ginsburg.

The following table contains the terms of both the sequences

(Un) and (Vn) from n=0 up to n=385, with factorizations as far as

known. The table was firstly published in Riveon Lematematika 1

I
(1946-7), 35-7, 99, up to n=128, then, improved and enlarged up to

n=385, in Riveon Lematematika 11 (1957), 70-90, finally, sSomewhat

improved, in the first edition of Recurring Sequences (1958), 18-39.

The essentially new shape of the table presented here is due to

John Brillhart, who, since September 1, 1960, furnished the author

with truly amazing factorizations, rerformed by him firstly with the

aid of an IBM 701, aftervards with the aid of an IBM 7090 (and perhaps

with other computers). Thus the table is now containing all prime

factors <272 of Uy and V. for n<300, and all prime factors <2%0 for
greater n, while

in special cases factors above the mentioned limits

are present. Compare e. g. U283’ U301, U335, V324, V327, V353, V376.

is now complete up to n=171, and that of Vh up
to n=151. According to Brillhart Un

The factorization of Un

— 1y,
is prime for n=3, 4, 5, 7, 11, 13,

17, 23, 29, 43, 47, 83, 131, 137, 431, 433, 449, 509, 569, 571, all
—3 h heve ke '

other Un with 6<ng<1000 are‘composite, with the possible exception of

bz
U359; V, is prime for n=0,.2, 4, 5, 7, 8 11, 13, 16, 17, 19,

31, 37,
41, 47, 53, 61, 71, 79, 1935 3135

353, all other Vn with 3<n<500 are
composite.

NOTATIONS. Primitive prime factors, and among the subscripts

belonging to V - also natural powers of 2, are fully underlined,

Primitive divisors of unknown composition are underlined with a broken

indicates that the Preceding number is composite,
factor is known. "pv

line. "c" but no‘
indicates that the preceding number is pseudo-

Prime, i. e., that it satisfies Fermat's congruence for some base.

37
Table of Fibonacci numbers

HISTORY OF THE TABLE

i -U of the
1 Leonardo Pisano (Fibonacci) gave, in 1202, the terms U2 L14

sequence afterwards called on his name.
2 Lame G. gave the terms U2-U17.
3 Lucas E. showed the primality of U29.
4 He factored Un, n=1%. %% 560%
i i ions.
5 He tabulated U1"U60’ with factorizatio
6 He gave the primitive factor 127 of V64‘

7 Catalan B. gave the first 43 terms of Fibonacci's sequence.

8 Selivanov D. F. showed the primality of U29 and factored U4O'
9 Bickmore C. E. and Curjel H. .. gave 107 as a factor of U1oe,~and
109 as a factor of U54 and U108‘
10 Rosace gave U1OO'
- s tated that U,.~=5487...8800
11 Malo Z. gave UO--U10 and V0 V1O He sta 900
and possesses 188 digits.
12 Picou G. gave U1O1'

= d V.
13 Niewiadomski R. tabulated and factored-USk, k=13+02,12, an Sk’
=1 st ) Ois
; , 32, 37, 41, 64, 128.
14 He gave the values of 'V , n=3, 19, 23, 29,.31,.32,
tablished
15 He gave V64 and its factor 127. He also gave V128 and esta
the primality of V31.
16 He proved the‘primality of V37.
31 y
17 Sscott E.-B. gave 2/-1=127, 2'9-1=524287, 2°'-1=2147485647 as
218, 230

factors of Vn’ n=64, respectively.

18 Laisant C. A. tabulated Un and Vn, up to n=120.




34 Lehmer D. H.

38

Table of Fibonacci numbers

19 Kernb 3. J i
rnbaum 3. tabulated Ln up to n=70, with factorizations.

20 He tabulated the ranks of apparition a(p) for prime p up to p=461

21 Poulet F. T i i
F. gave the factorization of Un' Vn for all n=62-85 but
Yrin Uy T, U, Ugos
730 170 7790 83’ Ussi Vizr Vagr Vapo Voge Vggr Vgns Vs
22 Kraitchik M. gave the value of (pt1)/a(p), for each prime p<1000.

23 He gave the factori i
rization of Un for each odd n=1, 371, as well

as for n=7s, 813 85, 87, 95, 99, 105, 129. He also ga\‘re the

o ; ;

factorization of Vn for each n=1,...,71 and for other separated

values of n. In a special table he gave the factorization of V
S5k*

24 Jarden D.
n tabulated Un’ Vn for n=0,...,128, with factorizations.

25 He gave a table of the ranks of apparition of a prime p in (U_)
]
for each p<1511. ;

26 He announced new factorizations of Poulet, Lehmer D. H and

himself i
, for various terms of (Un), (Vn).

27 Jarden D. and Katz A.
z gave factors of (Un), n=89, 117, 127.

28 Katz A. factored compl
) pletely U117, V73, V108’ and partially V109,
128°
29 Jarden D.

£
factored VSn/Vn’ n=1,...,77 (partially).

30 Beeger N. G. W. H. announced Poulet's factorizatioﬁ of V,

91
189, and Vn’ n=147, 153, 180,

189. He gave the complete factorization of V138'

31 Katz
atz A. factored U,» n=141, 147, 165,

32 Jarden D. F T i
tabulated Uﬁ+1, Vh+1, with complete factorization, for

=05 4 1561

33 He gave V21O/2 with partial factorization.

stated the primality of 3477502052673 |U

and of
466415762341 |U T
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2791715456571051233611642553
4517090495650391871408712937
7308805952221443105020355490
11825896447871834976429068427
19134702400093278081449423917
30960598847965113057878492344
50095301248058391139327916261
81055900096023504197206408605
131151201344081895336534324866
212207101440105399533740733471
343358302784187294870275058337

555565404224262694404015791808

898923707008479989274290850145

1454489111232772683678306641963

2353412818241252672952597492098
3807901929474025356630904134051
6161314747715278029583501626149
99€9216677189303386214405760200
16130531424904581415797907386349
26099748102093884802012313146549
42230279526998466217810220532898
68330027629092351019822533679447
110560307156090817237632754212345
178890334785183168257455287891792
289450641941273985495088042104137
468340976726457153752543329995929
757791618667731139247631372100066
1226132595394188293000174702095995
1983924214061919432247806074196061
3210056809456107725247980776292056
5193981023518027157495786850488117
8404037832974134882743767626780173
13598018856492162040239554477268290
22002056689466296922983322104048463
35600075545958458963222876581316753
57602132235424755886206198685365216
93202207781383214849429075266681969
150804340016807970735635273952047185
244006547798191185585064349218729154
394810887814999156320699623170776339
638817435613190341905763972389505493
1033628323428189498226463595560281832
1672445759041379840132227567949787325
2706074082469569338358691163510069157
4378519841510949178490918731459856482
7084593923980518515849609894969925639
11463113765491467695340528626429782121
18547707689471986212190138251399707760
30010821454963453907530667147829489881
48558529144435440119720805669229197641
78569350599398894027251472817058687522
127127879743834334146972278486287885163
205697230343233228174223751303346572685
332825110087067562321196029789634457848

- 538522340430300790495419781092981030533

871347450517368352816615810882615488381
1409869790947669143312035591975596518914
2281217241465037496128651402858212007295
3691087032412706639440686994833808526209
5972304273877744135569338397692020533504

129
130
131
132
133
134
135
138
137
138
139
140
141
142
143
14

145
146
147
148
149
150
151
152
153
154
185
158
157
158
159
160
161
162
163
164

165-

166
167
168
169
170
171
iv2
173
174
175
176
177
178
179
180

181

182
183
184
185
186
187
188
189
190
191
192
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]

Table of Fibonacci numbers 45

n
129
131
133
135
137
139
141
143
145
147
149
131
153
155
157
159
161
163
165
167
169
171
173
175
177
179
L
183
185
187
189

191

Factorization of Un
2.257.5417.851%.39639893.433494437
1066340417491710595814572169

13.37.113.3457.42293.351301301942501
2.5.17.5%.61.109.109441.1114769954367361

19134702400093278081449423917

277.2114537501.85526722937689093

2.108289.1435097.142017737.2971215073
89.2%3.£581.1929584153756850496621
5.514229.349619996930737079890201
2.13.97.293.421.3529.6168709.347502052673
110557.162709.4000949.85607646594577
5737.2811666624525811646469915877

2.172.1597.6376021.7175323114950564593
5.557.2417.21701. 12370533881 . 61182778621

313.11617.7636481.10424204306491346737
2.317.953.55945741.97639037 . 229602768949
13.8693.28657.612606107755058997065597
977.4892609.33365519393.32566223208133
2.5.61.89.661.19801.86461.474541.518101.900241

18104700793.1966344318693345608565721
233.337.89909.104600155609.126213229732669
2.17.37.113.797.6841.54833.5741461760879844361

638617425613190341905763372389505493 ¢
52.13.701.3001.141961.17231203730201189308301
2.35%.2191261.805134061.1297027681.2710260697
21481.156089.3418816640903898929534613769 p
8689.422453.8175789237238547574551461093 P
2.1097.4513.555003497.14297347971975757800833
5.73.149.2221.1702945513191305556907097618161
£9.373.1597.10157807305963434099105034917037 P
2.13.17.53%.109.421.38933.35239681.955921950316735037
3691087032412706639440686994833808526209 ¢
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n

910763447271179550132922476
1473646213395791149646646123
2384409660666970679779568599
3858055874062761829426214722
6242465534729732509205783321
10100521408792494338631998043
16342986943522226847837781364
26443508352314721186469779407
42786495295836948034307560771
69230003648151669220777340178
11201649894398861.7255084900949
181246502592140286475862241127
293263001536128903730947142076
474509504128269190206809383203
767772505664398093937756525279
1242282009792667284144565908482
2010054515457065378082322433761

3252336525249732662226888342R243 °

5262391040706798040309210776004

8514727565956530702536099118247.

13777118606663328742845309894251
22291846172619859445381409012498
36068964779283188188226718906749
58360810951903047633608127919247
944297757311862358218348468259¢6
152790586683089283455442974745243
247220362414275519277277821571239
400010949097364802732720796316482
647231311511640322009998617887721
1047242260609005124742713414204203
1694473572120645446752718032091924
2741715832729650571495437446296127

4436189404850296018248155478388051 -

71779052375799465897435929245684178
11614094642430242607991748403072229
18791999880010189197735341327756407
30406094522440431805727089730828636
49198094402450621003462451058585043
79604188924891052809189520789413679

128802283327341673812651951847998722
20840647£252232726621841472637412401
337208755579574400434493424485411123
545615227831807127056334897122823524
882823983411381527490828321608234647
1428439211243188654547163218731058171
2311263194654570182037991540539292818
37397024q5897758836585154759070350989
60509656005523290186231462994093543807
9790668006450087855208301058479994796
15841633607002416873831447357889638603
25632301613452504729059748416369633399
41473935220454921602871195774259272002
67106236833907426331910944190628905401

108580172054362347934782139964888177403 1

175686408888269774266693084155517082804
284266580942632122201475224120405260207
459952989830901896468168308275922343011
744219570773534018669643532396327603218
1204172560604435915137811840672249946229
1948392131377969933807455373068577549447
3152564691982405848945267213740627495676
5100956823360375782752722586809405045123
825352151534278163169798980055023£540789
13354478338703157414450712387359637585922

129

184
185
186
187
188
189
190
191
192

Table of Fibonacci numbers 47

740 T,.2161.14503.118021448662479036881

166
167

170
171

172
113
174
175
176
177
178
179
180
181
182
183
184
185
186
187

188
189
190
191
192

Factorization of Vn

22.6709.144481.308311.761882591401
3.41.3121.9048142426476041450801°
1049. 414988698461 . 5477332620001
5.7.23.263.6881.967.5081. 66529, 152204449
29.9349.10694421739- 2152958650459
225163.2b?§?§13§§2§.57633553%573?
.11.19.31.181.271.541.811.5779.42391.119611
47.56262783728%291940137654881 e
541751297, 78982487870959058281
2.35.4929.13561.162563.275449.;043765587

3Q859.25%279129.14%3180010922%159

2°.7909959176643838879.139509555271
3.283%.569.2820403.9799987.35537616083
199.521.1957099.2120119. 178471438002
2.769.2207.3167.115561578124838522881
11.59.19489.120196353941. 1322154751061
3,29201.371 25857850184 727260788881

2 T§§T§1%TBEEE%TE§5§§9T§§Z499T7599786069
7.;0661921.114087288048701953998401

95 5777445453‘7‘533639535§o32455{§'

2x3 .41TZGTTE%l;§§577€7ﬁaﬁTT§7T§§€47172401
1511.109734721.217533000184835774779
gz.1241719381955383992561428253 01 ¢

.797979.3463.3571.13159.8293976826829399

3.43%.281.307.15252467.900164950225760603
11.311.3010349. 29138888651 .82383 075741
2.7.23.103.1249.102193207.94491842183551489
39980051 .16188856575286517818849171
3,21803.5924683. 14629892443 . 184715524801
2°.785461.119218851371.4523819299182451
641.7087.4481.878132240443974874201601
29.339.461.1289.1 :Zﬁl%q965810862268529752
$623ééo7ég112842 éwgza %6331. 782976947987
1.6601501.1686454671192230445929

T,2684571411430027028247905905965201
2°91°.%1.199.331.9901.39161.51164521.1550853481
3.6464041.2537014353841021996583996041 ¢
766531.103843927693584522320127327305 P
2.47.1103.70745088487.115671393%9570481515041
521.4000124227490071528250316173462E1 ¢
3241.57.1367.20801.63113.1TETZBSZETT§54032961
29.19°.229.9349.95419.162451.1617661.7038398989
7.1261177119159116467844040453440%3521
28859.6248069.16923049609.1 1246170261359

.37 347.97787.528295667.1270083883.5639710969
11.29.71.101.151.911.54501.560701.75%5551251636551
1409.2207.1945858956598296670289721522689 ¢
2°.709.8969.336419.10884433.705117617351706859
3.5280544535667472291277149119296546201
359.713991668397005702758767365358485€1 c
2.7.23.247.27671.86471.20647.10%3681.13373763765986881
97379.689124316679237066841012376288819 ¢
3,281.90487.2329671.61105786312948865348084281
2°.14686239709. 5600748293801 .553975715300289
47.367.16480177456237006330887310807606543 ¢
11.;40195?1.26%272771§?§59T7297900673T8T6§31
2.%%.15917507.302CT3%700601 .85988642159350704%
199.1871.3571.9056742344085065262650973004 31
7,18049.100769.15303763064966619496209144304 1
2°.19.29.211.379.1009.5779.31249.25423.912871.1258740001
3.41.2281.4561.29134601.782747561.174795553490801
22921.360085577214902562353212765610149519 ¢

2.127.383.5662847.6803327. 15073614849 186812208641




Tadble of F}bonacc} numbeEs

Un

9663391306290450775010025392525829059713
15635695580168194910579363790217849593217
25299086886458645685589389182743678652930
40934782466626840596168752972961528246147
66233869353085486281758142155705206899077

107168651819712326877926895128666735145224
173402521172797813159685037284371942044301
280571172992510140037611932413038677189525
453973694165307953197296969697410619233826
734544867157818093234908902110449296423351
1188518561323126046432205871807859915657177
1923063428480944139667114773918309212080528
3111581989804070186099320645726169127737705
5034645418285014325766435419644478339818233
8146227408089084511865756065370647467555938
13180872826374008837632191485015125807374171

n

193
194
195
196
197
198
199
200
201
202
203
204
205
206
207
208

21327100234463183349497947550385773274930109 209

34507973060837282187130139035400899082304280
55835073295300465536628086585786672357234389
90343046356137747723758225621187571439538669
146178119651438213260386312206974243796773058
236521166007575960984144537828161815236311727
382699285659014174244530850035136059033084785
619220451666590135228675387863297874269396512
1001919737325604309473206237898433933302481297
1621140188992194444701881625761731807571877809
2623059926317798754175087863660165740874359106
4244200115309993198876969489421897548446236915
6867260041627791953052057353082063289320596021
11111460156937785151929026842503960837766832936
17978720198565577104981084195586024127087428957
29090180355503362256910111038089984964854261893
47068900554068939361891195233676009091941690850
76159080909572301618801306271765994056795952743
123227981463641240980692501505442003148737643593
199387062373213542599493807777207997205533596336
322615043836854783580186309282650000354271239929
522002106210068326179680117059857997559804836265
844617150046923109759866426342507997914076076194
1366619256256991435939546543402365995473880912459
2211236406303914545699412969744873993387956988653
3577855662560905981638959513147239988861837901112
5789092068864820527338372482892113982249794889765
9366947731425726508977331996039353971111632790877
15156039800290547036315704478931467953361427680642
24522987531716273545293036474970821924473060471519
39679027332006820581608740953902289877834488152161
64202014863723094126901777428873111802307548623680
103881042195729914708510518382775401680142036775841
168083057059453008835412295811648513482449585399521
271964099255182923543922814194423915162591622175362
£40047156314635932379335110006072428645041207574883
712011255569818855923257924200496343807632829750245
1152058411884454788302593034206568772452674037325128
1864069667454273644225850958407065116260306867075373
3016128079338728432528443992613633888712980904400501
4880197746793002076754294951020699004973287771475874
7896325826131730509282738943634332893686268675876375
12776523572924732586037033894655031898659556447352249
206728493990564630953197728382893647923458251232285624
33449372971981195681356806732944396691005381570580873
54122222371037658776676579571233761483351206693809497
87571595343018854458033386304178158174356588264390370
141693817714056513234709965875411919657707794958199867

210
211
212
213
214
215
218
217
218
219
220
221
222
223
224
225
226
227
228
229
230
231
232
233
234
235
"236
237

238.

239
240
241
242
243
244
245
246
247
248
249
250
251
252
253
254
255

256

nLH3 Factorization of U,

193 9465278929.1020930432032326933976826008497

195 2.5.61.233.135721.14736206161.88999250837499877681

197 15761.25795969. 162908787637576537632028409653 ¢

199 397.436782169201002048261171378550055269633

201 2.269.116849.1429913.5050260704396247169315999021
203\33.1glz.si4229.5547os41.2586382100556753294652533

205 5.821.2789.59369.125598581.36448117857891321536401

207 2.17.137.829.18077.28657:4672353155773627601222196481

209 37.89.113.57314120955051297736679165379998262001 P

211 22504837.38490197.800972881.80475423858449593021

213 2.1277.308061521170129.185790722054921374395775013

215 5-433494437.2607553541.67712817161580804952011621

217 13.5}3.557.2417.44269.g17221773}2f91174éé1.6274553314921

219 2.123953.4139537.9375629,86020717.3169251245945843761

221 233.1597.18455365724971961787396586822078046791921 ¢

223 4013.108377.251534189.164344610046410138896156070813 P

225 2.52.17.61.3001.109441.230686501.11981661982050057053616001

227 23609.5219534137983025159078847113619467285727377 P

229 457.2749.40487201.6342725572732757535995514095793253 ¢ A

231 2.13.29.89.199.421,19801.988681.4532521.9164259601748159235182401
233 139801.15817028535589262921577191649164698545419253 c ‘
235 5.2971215073.389678426275593986752662955603693114561

237 2.157.1668481.40762577.92180471494753 7698999052751 136773

239 10037.62141.63617830634057826632388440%23309010644033 ¢

241 11042521.7005329677.1342874889289644763267952824739273 P

243 2.17.53.109.2269.4373.19441.7177905237579946589743592924684177 c
245 5.13.97.141961.6168709.12895507391462{460192651484843195541

247 37.113.233.1913489357079567637602203056753846715378384401 ¢

D PSP P NS PSP =0 P S u b GLIE N S s e L

249 2.99194853094755497. 24599047201225310501731 215529292521 ¢

251 12776523572924732586037033894655031898659556447352249 ¢
253 89.28657.4322114369.3034387188241996163132401983770604929 ¢

255 2.5.61.1597:9521.6376021.3415914041 . 433500170917755760773281 881 c
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Table of Fibonacci numbers : 53
- TEIRESIEIN IR IR IR T
52 Table_of Fibonacei_pumbers :
n Factorization of U
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229265413057075367692743352179590077832064383222590237 257 I .
370959230771131880927453318055001997489772178180790104 258 259 13.73.149.1553.2221.1230669188181354223694664202889707409030657 c
600224643828207248620196670234592075321836561403380341 259
971183874599339129547649988289594072811608739584170445 260 261 2.17-173.2089.20357.36017.40193.322022.514229-3821263937.6857022027542
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279
14691096406862188148944207245954912110548093601382197697835 280 281 174221.119468273.114205973520041784262049438829321 5303693453057 P
283

237706965543724518668151015949848454800392253878966%3963981 281
38461794961234640015759308940939757590587318989278841661816 282

. . . 1118888488058431632 8. 298630863264881
-62232491515607091882574410635924603070626544377175485625797 283 283 10753.825229.15791401 . 444 EEL Y 3578429 ~* £

100694286476841731898333719576864360661213863366454327287613 284 .5.37.61.113. - .29641.5483%3.6 001.956734616715046328502480330601
162926777992448823780908130212788963731840407743629812913410 285 285 2:0 oL L2, IOt 2904 T ion R o 2 e z
263621064469290555679241849789653324393054271110084140201023 286 ¥ 3 1 600 85%26779670069250749018 1064382201 P
426547842461739379460149980002442288124894678853713953114433 287 28T A eI 362 1001 71901 232077307008925074301545705010643
690168906931029935139391829792095612517948949963798093315456 288 3 3 : .10123265%.6389137180 617715291347844255883137 ¢

1116716749392769314599541809794537900642843628817512046429889 289 289 271-1597.1133. 38837 .101232653.63891371804 573617715291 34784 s
1806885656323799249738933639586633513160792578781310139745345 290 3 3 209.17481239096 82302 876 856321
2925602405716568564338475449381171413803636207598822186175234 291 29112.195.369.3084969.361040209. 1148123906374 548290239707 387634 753056321,
4730488062040367814077409088967804926964428786380132325920579 292 8 8348976340768064993978 8
7654090467756936378415884538348976340768064993978954512095813 293 s 7654990467756936?78415 Seagesda lnedg] 4993978324212095813 ¢
12384578529797304192493293627316781267732493780359086838016392 294
20038668997554240570909178165665757608500558774338041350112205 295 292 5'353'1181'35401'75521'160481'237501‘2710260697'1120969250625399§508469121
32423247527351544763402471792982538876233052554697128188128597 296 297 2,17_53.89.109.197.523.4151.19801.1}60418597.18546805133.12369243068750242280033
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84 Table of Fibonacci numbers

vn : n Table of Fibonacci numbers 55
512653048485188394162163283930413917147479973138989971 £57 |

829490056885282616312940022414182153153900944625970578 258 5 Factorization of V_
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v % n Factorization of e
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10755%42031 180 48
30010821454963453907520667147825489331 181 180
689667151270161 182 T2
15684190725257406307513301 183 120
2408€01003642436721 184 88
1702945513191305556907097615161 185 144
2265550275451 186 60
3788862125124360918966173024054801 187 160
14713531683370655881 188 92
37216909291681445195521 189 108
694493169660601 190 72
36910870%2412706639440686994833808526209 191:190
1186257524870% 192 64




62 Table of the greatest primitive divisors
U n ¢§(n)
96:::91306210%50775010025/92525J2905971 193 192
186932561199565062121 194 96
88999250357499377681 195 - 96
25893289844937430121 186 34
6623:\69352“894“6231755142135705200%90077 187 196
’ ,2031|?441001 198 60
173AO¢5211”2"G791’15963 057284371942044301 199 198

52761/9616J&94OO1 200 80

050260704396247165315595021 201 12
1281597540372%40914251 202 100
177789476511755544773333681149178601 203 163

8

271102435445641 204 64 .

37583¢9976002037812130285171971401 205 160
2355265920593054081628 206 102
4072353155772627601222196431 207 132
115509240442846111631 203 S€
“71141209350512977?667916537y0ﬁ3262001 208 480
3 16271615641 210 43
5573507,295)004655366°30865°5736672)572)478° 211 210
47377115074406862859331 212 104
237254752064134595103404691601 213 140

z 22997334743627409910279 214 106
176564796682276205310243237411699961 215 163
1114577054219521 216 72
572476595290265530398525693996253372401 217 180
60207304009475408400201 218 103

1€26162262€24266331113444171121 219 144 -

59996854928656301 220 30
18455%65724971961787356586222072046791921 221 192
729500152756861 222 72
17973720193565577104931024195536024 127037428957 223 222
115561554395692896%21 224 96

11931661932050957053616001 225 120

412670427844921037470771 226 112

123 2279*146 64124'9“066“501)0“44200914%777649503 227 226
1273237463143801 228 72
2226150432368547335801:6%092:22650000354271235925 229 225
1532746093600320481 230 88

G164259601745159235188401 231 120

240728569276429650967601 232 112
221123640620391454569941296CT44873993%37956988653 23% 232
1052645935555841 234 172
38967342€27559398675266255560369%114561 235 134
1525528%9185%726470222801 236 116
523621130304502562371359707102101 237 156
71405311821907813561 232 96
386790272320068205316037409539022393778344238152161 235 238
23735900452321. 240 64
103851042195725914705510515382775401630142036775341 241 240
97420733208491869044199 242 110
717790523757G9465%9743592924634177 247 162
10456127150171604205009201 244 120
128955073914024460192651434843195641 245 163
34270973866974851 246 20
1913489357079567637602203056753846715375334401 247 216

: 11731926972738501024264401 243 120
24595047201225310501731215526292521 240 164
792070839876516006251 250 100
127765235729247325860370533946550315986505R64A7 52249 251 250
s 1118038473538561 252" 72
1?11496846741023946591742266§529O36363453124801 2577220
347880681146567910619158829 254 126
433500170917755760773281881 255 128
562882766124611619513723647 256 125

Table of the greatest primitive divisors
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Uﬁ

22926541305707536769274335217959007732206438%222590237
234896783637433711
1911229249245643118715813507087715606224610321
132412031725367945921
135956653509092363649293520019958401
4409660u66°70679779563599

411400091145443183538534230 )7966’6907%4JJ, 1559272017
5347545763789341
404026385893477357594000571516A773911J085561
23024647794636831925201
7920%1680;50120%4“601,7236"'064%19401
33€6340469597492112877372631
7982275099312269“57%20743614}90"904“6553392;764344306060
1114234154071651
9327047124,:0152797“20501019645"024118"5151‘2465021,9442O
56262798272332919401276543381
9501482725500€6532359912155761
427364952958369480343075607T1
632477172138993049465314748315158527610001
2810034504245567341
34650973881553%92867975816521049546234341699716466343%4457 2
1120164939439828617255084900549
43777621%102078%3451155301003666*25601
18021448662475033831

2777069655437245186€3151016840848454% 60,02233é7896645963981
11035143762527994161
62232491515607091882574410635924603070626544577175435625797
158169834709427C63402265794401
956734616715046323502430230601

: 7405234634925086935050401
19816007100135%26779670069250745018345705010€4382201
1155€615781248353522381
699259079143875588%5287527225706%190759451239084227956437
152515150423302701281401
174312390863574543230299707287634755256%21
1034112175033244220742256114021
7654050467T56936%784155845333439T€6340768064593978954512095813
353464620052610881
341390263738%10735127303144770476:31275126362350401
1216389652279504586076585583721
4148111)12347746q25401%7&%530L45,uu1u
3777118606663328742845309894251
.20569928772342752084634353420271392320560402848605171521

523648573850613001 2

63806927452714047340775156346369278969475765906728521
36068964779253185183226718906749
821246127744216999314751420752635267445501
12417193819553339922044238252601
196795070965000355893436141405307761691062367579601
109140441064248061441
64543891Q4720949Q56740872794939778025334109298792472150256c0421,
137297361 97875056147157601
562890469894657734898253875554R408297646321
7465771709957142670086601
44225333308004061420712%3Q34O72987QO12027;6)7:3832270745251)70230
118020310837255809761
11578342599977051“860373944643635005“5696160016395 23127425%486035
647231511511640322009998617887721

1176910696561103730033951262721

3490807535356335041530906471401401
793591407804151926593793042126891128819610710140145037958273 777397
355328%630555147144911
45%96844439%96427251479423963358929077218814693965024038001
562882766124587894363226241

n ¢(n)

257
258
259
260
261

262
263
2564
265
266
267
263
269
270
27

272
203
274
275
27¢
217
273
279
230
231

232
283
234
285
286
287
238

s=i

o¢

24
216

96
168
130
262

80
203
103
176
132
268

72
270
128
144
136
200

83
276
138

180

2385 .272

2¢0
291
292

293 2

294
295
29€
257
298
299
0
701
302
303
204
305
306
207
203
309
310
311
%12
312
314
315
316
317
318
319
320

200
144
240

26
306
120
204
120
310

96
312
156
144
156
316
104
280
128




64 Table of the greatest nr;ggg;ve divisors

Ul

n
2¢44%3702655226193752453581121055151414928921
3572415C5690064693288995361
21227300206603586113993833435172719723735 705615180222739401
! 1240343G975523266616%5C7
144727201716473032425061201418535955352151 936354001
11614094642430242607991743407072229
18124398318217015318241470507792953%70833420201
26345714114%0027028247905903965201
6615629251536337930572% 91%615024 1432069419614338743335921
79348675496547601
66899661533800503153100003124174541;9067665172467745519645 5292186469
' 163959364300816872667320810352861651
1461:2Q24q42“1~9 3563543906783334169068475308581
796041589243910528091539520799413679
0404106545295102906154122520136891135003217651144766361
11561%979510481515041
2”0465717::914 9668678522013941832147005954727556/362660159637892443617
4000124227450071523250%1617346231
3514h 4410038550901712913433%3695535006120339667221
6449626183491355749236356721
626713062834145927990372608351494464254947439866142023185032001
: 1849625424944718170779
27692759465311176949233529747775189817301573781117371380248013
126117711915911646784404045944033521

4660107335440362713846342513722565281 3

1423439211243193654547163213731058171

1476475227026382 507231437027911)365414066256447061046031324/V7’234644927J 3

91249997442501259462201
11884277265171504232107001

1334858659%67965219457626003765274013433112321 3

2741715269847000008433217625463301
2645427294231358506542052573359227320%839%3570340352157%912236394960106973
11441402938Q9994352u67101
450,1%539016111%313&6065031696470114396677965%6119697931201
3054453566T472291277149119296546201

10214016361%43115943239556492837572957161 3

25632301617452504729039743416369€33399
475420437734693220747756302716674938329277014170165571936622637163769355476241
115562692701892638721
94631907579321477167%892521001085193295076853332955181
671062363%39074263319109441906258905401
94505596047%3596%79603134769503573500183661 5801
1423526509223971062035518542241
2115“3”5746947OO9Q355OQ71997:453790396392902 373%109961985761
7842095%62628703153756901

223%46406617740673 641233190003300995504:3510206%/82350720289)50747631403705)
6048225126433931%2%435643066%91601281
151534171942593676479359%460%5733909415761158626801
T74066142359684874594246376831
22086466%20117694047873701229649556681082987720052Q883L30770814921
13637243134919917361641801

40077"‘;36504699741040059)8181950Q 0360587940320696032585936485366789883567055193
1694516492578315710641997217496401

627376215360357612529601866427135826537501
27834173%0539957043296%6481866959649921
229267"0622149395950%23756888000777348417)55277719250604“Q646424552 601
37204029240014435013761

71916Q4930184170482016276)9)61167263910524812621217532) 49533703710427892956421
142%4%4412461049755955691440401
605104841575000250696950965185612774;2650984917435621

: Y 8253521515%427316%1697989300550235254079¢
49@925418206236099065833025380070887 5?26551087070104115?018622“48)79Q5426429697
28144138%062305809756861823

104852536770885187327530935282636231735603659815201

2976959754359705825

"3467072415604609040860366037401579690263197296200323999931349 >

2 @(n)

21O 0T UR U LT U BT D R R R N RO R) PO D
MWV OVIN = OW D -3GUTE N =

O R R R T O R G A RN R R R R L N S RO R RN
B A S W]
OV = W N = D\

SANACIACI RS R A A RS
[ R RN S N
N = OWw W3

1

(SIR R RN}
(S R RV RS RG]
W~ O\

1N
1
W

359

AN AN
[o) e
=0

562
363
364

365.

366
367
363
169
370
371
372
50D
374
305
376
377
378
379

380
231
382
383
334
385

212
132
288
108
240
162
216
160
276

80
330
164
216
166
264

96
336
156
224
128
300
108
294
168
176

172

346
112
348

120°

216
160

5 352

116
280
176
192
178
358

96
342
180
220
144
288
120
366
176
240
144
312
120
372
160
200
184
336
108
378
144

2527

190
382

128°

240

CONJECTURED INEQUALITIES FOR EULER'S ?—FUNCTION
AND FOR FIBONACCI NUMBERS

(1) @(2n) <@(2nt1) o f1r), TS < Ut
(2) @(én) < @(6n*1,2) (2') Uy < Uneq,2
(3)  @(30n) < @(30n%1,2,3,4,5) (3')" Uson < Uiortq,2,3,4,5
with evéntual exdeptions dalled atiotfalies.

All the inequalities ih ?have been checked up to n=10,000 by

-Glaisher's "Numbér-Divisot Tablés" (Cambridge 1940).

For (1), 137 anomalies Have beed founrd up to n=10,000, most of
them around nu.mbérs divisible by 3.5+15, among them 17 dases of
equality, and 150 cased of inkquality in the opposite direction. Most
of the inequalities appear in pairs, i.e., there are simultaneously:
@(2n)>P(2n+1) and @P(2n+1 )<?(21;+2). Up to n=10,000 there are 64 pairs
(among them 1 pair for which all the values are equal, namely (5186)
=@(5187)=¢(5188), and 39 single anomalies.

For (2), 30 anomalies have been found up to n=10,000, all of
them around numbers divisible by 2.5.7=70, except for #(6)=¢(4) and
@(12)=¢(10).

For (3), no anomalies have been found up to n=10,000. It is
impossible to improve (3) generally to have $(30n)<@(30ntk) for k>5,
since, e.g., ((2190)=0(2184), @(3240)>P(3234), @P(5550)=p(5544),
{p(6000)>(6006), (P(8310)>(8316), P(8730)=(8736).

CONJECTURE. Anomalies inm f(n) and Uy occur simultaneously,
apart from n=15, for which @(16)={(15), while U3TUis-
Since (U},U!)=1 for any positive m, n, and U>1 for nt1, 2, 6,

12, an anomaly in Ur'x for n>1 is always an inequality.

The following anomalies in U]:’1 have been checked: U{aUé, U5<U é,

U104?"105' Ui05Vi06* Yies V165" Ui65Vi66’ U194 01950 Uss5<Usse:

U3147°93150 U315U3160 Us95<Ujger U5247U5050 UbosUsogs Ubg Uigs:
UsesVsger U134 V1350 UrssTise-

65
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p(1)=p(2)
©(3)=0(4)
@(15)=¢(16)

(104)=¢(105)
(105)<@(106)

(164)=0(165)
$<165><$(156>

9(194)=p(195)
@(255)=9(256)

(314)>9(315)
'«?(315)«&316)

@(495)=p(496)

P(524)>¢(525),

p(525)<¢(526)

(584)=p(585)
; (585)< ¢(586)

(734)>9(735)
3(735)4’(736)

p(c24)>p(825)
®(944)~9(945)
(
(

9
©(974)>9(975)
$(975)=(976)
P(1154)>¢(115
155)<9(115

(1
@1
P(1364)>9(136
©(1365)-¢(136
9(1485)<¢(148
(

(

P(1574)>0(157
P(1575)<@(157

g<1754)>¢(175
(1755)<@(175

©(1784)>0(178
P(1785)<¢(178

5)
6)
5)
6)
6)
5)
6)
5
6)
5)
6)

TABLE OF ANOMALIES IN ?(n) UP TO n=10000
Cases in which one or both of the inequalities ?(2n)<?( 2nt1)

©(1814)>(1815)
p(1815)<@(1816)

g;( 1994)>4#(1995)
(1995)<¢(1996)

P(2144)>F(2145)
¢(2145)<(2146)

g(2204)=?(2205)
(2205)<¥(2206)

©(2414)>0(2415)
¢(2415)<P(2416)

P(2474)>9(2475)
¢(2475)<¢(2476)

$(2535)<¥(2536)

;( 2624 )>(2625)
(2625)=p(2626)

(2804 )>¢(2805)
@(2805)<¥(2806)

(2834)=9(2835)
p(2835)<¢(2836)

$(%00%)<@(3004)

$(3044 >9(3045)
¥(3045)<¢(3046)

Y(3134)>9(3135)

(3254 )>¢(3255)
¢(3255)=¢(3256)

P(3314)>0(3315)
P(3315)<@(3316)

P(3464)>9(%465)
P(3465)<@(3466)

P(3675)<¢(3676)

Y3704 )>9(3705)
$(3705)=9(3706)

$(3884 >4(3885)
P(3885)<¢(3886)

P(3927)<¢(3928)

¢(4094)>%¥(4095)
(4095)<¥(4096)

@(4124 >¢(4125)
¢(4125)<p(4126)

9(4304 )>9(4305)
¢(4305)<¢(4306)

9(4388)>¢(4389)
9(4455)<¥(4456)
p(4485)<¥(4486)

@(4514)>9(4515)
$(4515)<¢(4516)

@(4724)>9(4725)
P(4725)<@(4726)

¢(4785)<P(4786)
@(4845)<¥(4846)
@(4874)>9(4875)

9(49%4)>(4935)
?(4935 )<¥(4936)

(5114)>9(5115)
‘5(5115)<?(5116)
5)

6)

@(5144)>9(514
@(5145)<P(514

@(5126)=9(5187)
p(5187)=4(5188)

9(5265)<¥(5266)
¢(5313)<¥(5314)

$(5354)>%(5355)
$(5355)<9(5356)

§(5444)>9(5445)
(5564 )>¥(5565)

$(5774)>4(5775)
$(5775)<¢(5776)

(5864 )>¢(5865)

¢(5985)<¢(5986)

(6044 )>9(6045)
3( 6045 )<5c( 6046)

@(6105)<P(6106)

P(6194)>9(6195)
P(6195)<p(6196)

(6404 )>0(6405)
$(6405)<@(6406)

9(6434)>0(6435)
¥ (6435)<¢(6436)

@(6614)>¢(6615)
9(6615)<¢(6616)

®(6824)~4(6825)
(6825 )<¢p(6826)

@(70%4)>9(7035)
©(7035)<¢(7036)

@(7094 >(7095)
®(7095)<(7096)

Y(7214)>9¢(7215)

P(7244)>0(7245)
p(7245)<y(7246)

$(7394)>¢(7%95)
$(7395)<¢(7396)

@(7454)>9(7455)
¢(7455)<9(7456)

@(7604)>¥(7605)
@(7605)<¢(7606)

@(7664)>¢(7665)
@(7665)<¢(7666)

Q7754 )>¢(7755)
(7874 )>¢(7875)
(7995)<¢(7996)

@(8084)>¢(8085)
(8085 )< ¢(80€6)

do not hold

©(8264)>9(8265)
9 (8265 )<¢(8266)

$(8295)<((8296)
p(8384)>¢(8385)
¢(8415)<¢(8416)

(8504 )>¢(8505)
(8505)<§(8506)

(8714 >¢(8715)
(8715)<¢(8716)

(8744 )>¢(8745)
p(8745)<¢(8746)

¢(e775)<¢9(8776)
¢(88%5)<¢(8836)

¢(8924 >¢(8925)
¢(8925)<p(8926)

$(9075)<¥(9076)

$(9134 )>¥(9135)
$(9135)<¢(3136)

$(9165)<¥(9166)

(9344 >¢(9345)
9(9345)<¢(9346)

(9404 )>9(9405)
¢(9405)<p(3406)

¥(9554 >9(9555)
$(9555)<¢(9556)

(9734 >9(3735)
9(9735)<¥(9736)

©(9764)>9(9765)
p(9765)<9(9766)

(9945)<(9946)

¥(9974)>¢(9975)
$(9975)<P(9976)

of equali

PL1=4(2), P(3)=0(4), P(15)=P(165: G(T045 200105, @(164)=9(165), P(196)=9(155),
¢(255)=¢(256), @(495)=P(496), ¢(584)=(585), @(975)=P(976), P(2204)=(2205),
P(2625)=0(2626), P(2834)=P(2835), P(3255)=P(3256), @(3705)=¢(3706),
P(5186)=¢(5187)=f(5188).
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TABLE OF ANOMALIES IN ¢(n) UP TO n=10000

Cases in which one ore more of the inequalities ¥(6n)<¥(6n*1,2) do not hold

p(6)=4(4)
p(12)=¢(10)
P(72)=4(70)
g(768)>%(770)
¢(912)=9(910)

@(1542)>0(1540) §(3222)>9(3220) §(5322)>¢(5320) §(7698)>¢(7700)

$(1608)=0(1610) @(3642)>¢(3640) P(5388)>¢(5390) ¢(8328)>#8330)

P(2172)=0(2170) $(3852)>¢(3850) §(5952)=¢(5950) @(£472)>¢(8470)

P(2382)>9(2380) §(4062)>¥(4060) Y(6372)>¢(6370) {¥(8682)>¢(8680)

§(2592)=¢(2590) §(4338)=9(4340) §(6648)>¢(6650) $(9102)=¥(9100)
)

¢(1332)=¢(1330) §(2658)>¢(2660) §(4548)>¥4550) §(7278)>¢(7280) {4(9312)>¢(931C)

Cases of equality

f(6)=(4), Y(12)=¢(10), $(72)=¢(70), §(912)=¢(910), Y(1332)=¥(1330),
¢(1608)=¢(1610), $(2172)=f(2170), @(2592)=¢(2590), §(4338)=¢(4340),
9(5952)=¢(5950), ¥(9102)=%(9100).




DIVISIBILITY OF FIBONACCI AND LUCAS NUMBERS BY THEIR SUBSCRIPTS

NOTATIONS:

Un - Fibonacci numbers Uo=0’ U1=1, Uann_1+Un_2.

.

Vn - Lucas numbers Vo=2, V.=1, Vh:Vn_ +V.

1 1" 'n-2°

N - The set of all integers m>1 for which nlUn.

N - The set of all integers n>1 for which nIVn.

a(n) 7("rank of apparition of n in U") - the smallest positive
subscript>a=a(n) for which nIUa.

a(n) ("rank of apparition of n in V") - the smallest positive
subscript a=a(n) for which n|Va.

n=pﬂ%F... - the canonic factorization of n.

5%,?,... ("exponents of apparition of p,r,... in U") - the exponents
of the highest powers of p,r,... respectively, dividing
Ua(p)’ Ua(r)"" respectively.

(a,b,...) = the greatest common divisor of a,b,... .

[a,b,...] - the least positive common multiple of a,b,... .

Properties of Un’ Vn used in the proofs of the theorems:
(a(p)sp)=t. (a(p),p)=1. :
nIUn — a(n)[g. i3 2];3, nIVn « a(n)|n, 2!;%37.
a(m)=la(@)p® La@)rf~f,...1.  E@=ap a0 F, ...

The prime factors of a(p) are <p, The prime factors éf a(p) are <p,
if p is a prime #2,5. if p is a prime 2.
5%ln — 5¥|U_. 2|ln —s 4fv_.

n n

Theorems A(1), B(1), C(1), F(1) were proved and presented to me
by Prof. Theodore Motzkin not later than 1951. Then I also developed

" the other material givén in this paper.

THEOREM A.

(1) néN if and only if [a(p),a(r),...]|n, i. e., if and only if
the rank of apparition of any prime divisor of n also divides n.

(2) nel if and only if n is an odd multiple of [a(p),a(r)...],
i e.; if and only if the rank of‘apparition of any prime divisor of
n also divides n, and n is not divisible by a power of 2 higher than

the powers of 2 dividing the ranks of apparition of the prime factors

of n.

PROOF.

(1) First, let [a(p),a(r),...]|n. Hence a(p)|n, a(r)|n,...
On the other hand pﬂ_fqn, r?_?ln,... . But (a(p),p)=1, (a(r),r)=1,.
Therefore-a(p)panﬁn, a(r)re_?ln,... . Therefore

[a(p)pﬂ?jﬁa(r)rP'P:...]In. But [a(p)pn;iia(r)rf_?:...]=a(n). Hence
a(n)|n. Hence n‘Un, i. e., néN.

Secondly, let ngN, i. e., nlUn. Hence a(n)|n. But a(n)=
[a(p)pﬂ-f,a(r)rf'?‘,...]. Hence [a(p)pn-ﬁa(r)re_?,...]I,n. Hence
[a(p),a(r),...]|n.

(2) First, let n be an odd multiple of {a(p),a(r),...]. Hence
a(p)|n, a(r)|n,... . On the other hand p”‘fqn, re'gln,... . But
(8(p),p)=1, (&(r),r)=1,... . Hence &(p)p™Mn, a(r)rF|n,... . Hence
[5(p)pﬂﬁii §(r)r9'?:...]|n. But n is an odd multiple af~

pﬂLIT

,5(r)r9°p,“.1

[a(p),a(r),...]. Hence n is an odd multiple of [a(p)
=§(n); Therefore nIVn, i. e., ngl.

Secondly, let ngN, i. e., nIVn. Then n#EJ since 2IV2=3. Hence n
is an 0dd multiple of a(n). But 5(n)=[5(p)anI§5(r)r?_a,...]. Hence,
at least one of the numbers a(ﬁ)pﬂFﬁi a(r)r?'§;... is divisible by 2%
where 2% is the highest power of 2 dividing n. But the exponent of
apparition of 2 is 1. Hence, it is not a(2)2% '23.2%1 yhich is -
divisible by 2%*. Hence we can drop a(2)2*"' from the néybers E(p)pquq
E(r)re'g,... and n will be an odd multiple of [E(p)annEE(r)r?‘;i...],
where all the numbers p, r,... are odd. Hence n is an odd multiple of

(8(p),a(r),...], where all the numbers p, r,... are odd. But, according

to a remark above, a(2)|n if 2|n. Hence n is an odd multiple of

(a(p),a(r),...], where p, T,... are all the prime factors of n.
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Theorem A yields immediately

THEOREM B.

(1) If ngN and m is composed of only prime factors of n, then
also mnéN.

(2) If ngl and m is composed of only odd prime factors of n,

then also mn¢R.

THEOREM C.

(1) I£ n, €N, n,€N, then also [n1,n2]EN. In particular, if ngvn,
n,eN, and (n1,n2)=1, then also n1n25N. -

(2) 1t n15N, nZEN, and n,, n, contain 2 to the same highest

power, then also [n1,n2]EN.

PROOF.

(1) n €N, i. e., n1|Un, implies n1|U[n1’n2]. Analogously
nle[n1,n2]. Hence [n1,n2]|U[n1’n2], i. e., [n1,n2]£N.

(2) n R, 1. e., n1|Vn; coupled with the assumption that n,,n,
contain 2 to the same highest power, implies n1|V[n1,n2]. Analogously

n2|V Hence [n1,n2]lV[n1'n2], 5. 8¢, [n1,n2]SN.

[n1,n2]‘
DEFINITION.
(1) ;gN is said to be a fundamental number if it is neither a
product mn of a number néN and a number m composed of only prime
factors of n, nor a product m[n1,n2] of the least common ﬁultiple

[n,,n,] of two different numbers n €N, n,EN and a number m composed
1,562 1 2

of only prime factors of n,n,.

THEOREM D.

(1) The least positive multiple p'=qp of a prime p belonging to
N is a fundamental number.

(2) The least positive multiple p'=qp of a prime p belonging to

N is a fundamental number.

PROOF.

(1) p'=qp is not a product of a number n¢N and a number m
composed of only prime factors of n. Indeed, the assumtion p'=qp=mn
implies p|n. Since, by assumption, p' is the least positive multiple
of p belonging to n, we have p'sn<mn, i. e., p'<mn, contrary to the
assumption p'=mn.

p'=qp is not a product m[n1{923 of the least common multiple
[n1,n2] of two different nuﬁbérs n,€éN, n €N and a number m composed
of only prime factors of n,n,. Indeed, the assumption p’=qp=m[n1,n2]
implies pln1 or p|n2. By symmetry we may put p|n1. Since, by
assumption, p' is the least positive multiple of p belonging to N, we
have p'sp1<m[n1,n2], i..€.5 p'<m[n1,n2], contrary to the assumption
p'=m[n1,n2]. :

(2) The proof is analogical to that of (1), noting that in the
definition the postulates of (2) are analogous to those of (1) and

even stronger than those of (1).

THEOREM E.

(1) If neN, p+2,5 is the greatest prime factor of n, o« is the
exponent of the highest power of p dividing n, then also n/p%eN.

(2) If n N, p}3 is the greatest prime factor of n, o is the
exponent of the highest power of p dividing n, then also n/p™¢H.

PROOF.

(1) According to theorem A(1) if a prime q divides n also a(q)
divides n. In particular this is true for any prime factor g<p of n.
For q+2,5 the prime factors of a(q) are smaller than q, hence they
are smaller all the more so than p. For g=2, a(q)=?<p. Both for q2 and
- for =2 the prime factors of a(q) are different than p. Hence, if

a prime g divides n/p* also a(q) divides n/p%. Hence, by theorem

A(1), n|p™eN.




(2) According to theorem A(2) if a prime g divides n also a(q)
divides n, and n is not divisible by a power of 2 higher than the
powers of 2 dividing the ranks of apparition of the prime factors of
n. In particular this is true for any prime factor gip of n. For q$2
the prime factors of E(q) are smaller than g, hence they are all the
more smaller than p. For q=2, a(q)=3+p. Both for q+2 and. for q=2 the
prime factors of a(q) are different than p. Hence, if a prime q
divides n/p* also a(q) divides n/p®. Moreover, n/p® is not divisible
by a power of 2 higher than the highest power of 2 dividing the Tanks
of apparition of the prime factors of n. Hence, by theorem A(2),

n/p%eR.

THEOREM F. 7
(1) Every n¢N is divisible either by 5, or by 12, or by 6C.
(2) Zvery nél is divisible by 6, and is not divisible by 4.

PROOF.

(1) If 2|n, then, according to theorem A(1), also a(2)=3|n,
hence also a(3)=4|n, hence 3.4=12|n and the theorem is valid. We may
therefore assume plﬁ, whe%e p is a prime different than 2, 5. In this
case the prime factors of a(p) are smaller than p. If pé3, then,
according to theorem A(1), a(3)=4|n, hence 3.4=12|n, and the.theorem
is valid. Suppose the theorem is valid for any number n having a
prime factor smaller than p, then it is also valid for a number n
divisible by p, since, by theorem A(1), p|n implies a(p)|n.

(2) 1f 2|n, then, according to theorem A(2), also a(2)=3|n,
hence also a(3)=2|n, hence 3.2=6|n. On the other hand 2|n implies
4]Vn, hence 4fn, and the theorem is valid. We may therefore assume
pln, where p is a prime different than 2. In this case the prime
factors of a(p) are smaller than p. If p=3, then, according to
theorem A(2), a(3)=2|n, and it has been already proved that in case
2|in the theorem is valid. Suppose the theorem is valid for any number
n having a prime factor smaller than p, then it is also valid for any

number n divisible by p, since, by theorem A(2), p|n implies a(p)|n.
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THEOREM G.
(1) For any prime p there exists at least one fundamental

*
number p divisible by p. The least fundamental number ; divisible by

P is the least common multiple of p, a(p) and the least fundamental

numbers belonging to prime factors of a(p).

(n) (1)

(2) For any prime 2, p' ’, where p are all the primes 3,

107, 11128427, 1828620361, 6782976947987,... with a rank of apparition

§(P(1))=2.3“ ®=>0), and p(n) are all the primes with a rank of

(n-1)

apparition E(p(n)) containing with every prime p also a multiple

mp(n'4)£N (e. g., p(2)=107, since a(107)=6.3=18 and 18&K), and only
(n)

for such primes p
*
p(n)

, there exists at least one fundamental number
divisible by p(n). The least fundamental number ;(n) divisible

(n) is the least common multiple of p(n), E(p(n)) and the least

by p
fundamental numbers belonging to the prime factors of a(p(n’).

PROOF.

(1) The theorem can be easily verified by computation for p=2,

5. We can therefore assume p+2, 5. Then the prime factors of a(p) are
smaller than p. Suppose the theorem is valid for all primes smaller
than p. Then, the way we have constructed ; implies, by theorem A(1),
that any number neN divisible by p is also divisible by ;. Hence ; is
the least multiple of p belonging to N. This, combined with theorem
D(1), implies that ; is a fundamental number, and it is the least
fundamental number divisible by p.

(2) First we shall prove that for any prime p=2, p(n) there
exists at least one fundamental number ;(n) divisible by p(n)’ and it
is the least common multiple of p(n), E(p(n)) and the least fundamental
numbers belonging to the prime factors of E(p(n)). The theorem can be
easily verified for 2, % by computation. Suppose the theorem is valid

(n);

for all primes p smaller than p
*
p(n)

Then, the way we have constructed
implies, by theorem A(2), that ;(n EN. On the other hand it is
clear, by theorem A(2), that any n N divisible by p(n) is also
divisible by ;(n)_ Hence, ;(n) is the least multiple of p belonging
to N. This, combined with theorem D(2), implies that ;(n) is afunda-

mental number, and it is the least fundamental number divisible by ;(n)'

i——*
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Secondly, we shall prove that only for primes p=2, p(n) there
exists at least one fundamental number ;(n) divisible by p(n). It is
easily seen, by theorem A(2), that for any prime pfor which a funda-
mental number ; exists, the last part of the theorem identifying ;
with the least common multiple of p, a(p) and the least fundamental
numbers belonging to the prime factors of a(p), is valid. From this
one can verify by calculation that for p=7 (being the least prigg
grater than 3 that at all appears in V) there is no fundamental
number, since otherwise it should be 84&N, which is false. Let p be
the least prime not belonging to p(n), for which, nevertheless, a
least fundamental number ; exists. The prime factors of a(p) are then
smaller than p. Hence a(p) is not divisible by any prime q not belon-
ging to p=2, p(n), since if & is the highest power of p dividing ;,
it will be, by theorem E(2), also p/p™ . But q|5/p%. On the other
hand it follows from theorem E(2) that for any prime q+2 appearing as
a factor in a number n [, there exists g least fundamentai number-;,
since, by theorem E(2), we can delete all the superfluous factors. It
would therefore exist for q a fundamental number a, contrary to the
assumption on p. a(p) is therefore composed of only prime factors
belonging to the set p(n)ﬂ On the other hand, according to the part of
the theorem already proved, for any prime factor of a(p) there exists
a multiple belonging to N. Hence p is one of the primes p(n), contrary
to the assumption. Consequently the assumption is false and the

theorem has thus been proved.
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e e e e

¥*
Least fundamental numbers ; in U Least fundamental numbers p in V
belonging to primes p<100
arranged according to the'
increasing magnitude of p

*

P
12
5
168
660
2184
612
684
552
4872
1860
25308
4920
28380
2176
5724
337716
3660
41004
59640
1847484
1207752
13944
58740
114072

*
Factorization of p

3,22

5

T3 22
11.5.3.22
13.7.3.2°
17.5°,2°
19.3° 42
23.3.2°
29.7.3.2°
31.5.3.2°
37.19.32.22
41.5.3.23
43.11.5.3.2°
47.3.5%
53,322
59029 915 09
61.5.3.22
67.17.32.2°
71.7.5.3.20
73.37.19.32.22
79.13.7.3.2>
83.7.3.23
89.11.5.3.2°
97.72.3.23

; a(p) Factorization of ;
6 TigTisg
1926 18 107.32.2
64300051206 54 11128427.107.32.2

Subscripts dividing their terms below 1000 in U

5, 12, 24, 25, 36, 48, 60, 72, 96, 108, 120, 125, 144, 168, 180,
192, 216, 240, 288, 300, 324, 336, 360, 384, 432, 480, 504, 540,
552, 576, 612, 625, 660, 672, 684, 720, 768, 840, 864, 960, 972.

Subscripts dividing their terms in V

6, 18, 54, 162, 486, 1458, 1926, 4374, 5778, 13122, 17334, 39366,
52002, 118098, 156006, 206082, 354294, 468081, 618246, 1062882,
1404054, 1854738, 3188646, 4212162, 5564214, 9565938, 12636486,
16692642, 22050774, 28697814, 37909458, 50077926, 66152322, 86093502,
113728374, 150233778, 198456966.




DIVISIBILITY OF TERIMS BY THEIR SUBSCRIPTS
IN A SEQUENCE OF SUMS OF EQUAL POWERS

It is well-known that in a wequnce of sums of equal powers

(1) v, = x?+..;+x2 (s >3; =n=1,2,%,...)

satisfying the condition
(2) V, = x

where Xyse..,Xg are the roots of a monic polynomial (i.e. a2 -
polynomial with-highest coefficient 1) with integral coefficients,

there is

(3) pIVp

for any prime p.

the cuestion whether this property is characteristic for primes
has been raised by Perrinr1] in the particular case of the recﬁrring
seguence

(4) Vg=3 V, =0,V,=2,7V

i.e., in the case s=3 and'x1,x2,x3 are the roots of the equation
12-x-1=0, and it was also treated by Malo[z] and Escott[s], without
being settled.

Here a negative answer to the question in its general form is
civen.

For this purpose we shall make use of Carmichael pseudoprimes.

A number P is said to be a Carmichael pseudoprime[4] if Hi-dis

composite and satisfies
(5) a1 (mod P)

for any positive integer a prime to P. The least Carmichael

pseudoprime is 561 = 3-11-17.

Divisibility of terms by their subscripts Ll

Multiplying (5) sidewise by a, we get
P
(6) a” = a (mod P)
Since, as it is well-known, Carmichael pseudoprimes are odd[s], we
have, by (6)
RZait =‘—aP = -a (mod P)
i.e., the congruence (6) holds for qny integer coprime with P.

Let now x,,...,xg be integers satisfying condition (2).

s
degree s with integral coefficients, and it holds

Xys++esXg are the roots of the monic polvnomial (x-x1)...(x—zs) of

2e

1= % (mod P)

. . . . .

P
X = Xg (mod P)

for any Carmichael pseudopfime P coprime with XyseoesXge Hence by

s
addition we get, by (2),

V' P+...+x§ = X+, .4xg = 0 (mod P)

= 1

35

for any Carmichael pseudoprime P coprime with XyseeesXge

s
(6]

As I have shown there holds, at the condition (2), even

plv
p
for any prime p and any positive integer i. On the other hand it is

easily seen by induction that there holds

Pi
a® = a (mod P)

for any pseudoprime P coprime with a. Hence,by analogously to the

above, we.get

PlV
P

for any Carmichael pseudoprime P coprime with XyseeerXge

i

]

i—__—_————
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Remark 1. As relating Perrin's sequence (4) it is easily seen
that PIVP for P=561=3-11-17. Indeed, the length of the period mod 3
in thes sequence is 13, However, 561 = 2 (mod 13) and V2=2# 0 (mod 3)
therefore V561 #% 0 (mod 3) and a fortiori V561 % O (mod 561).
Similarly one can decide relating other Carmichael pseudoprimes
(compare the table of the distribution of zeros modulo P

Remark 2. Instead of condition (2) one can put

v, = Xy#e..4x = 0 (mod P)

and the considerations remain true for those Carmichael pseudoprime§
of which V1 is a multiple.

Remark 3. Also odd composite numbers n satisfying a - a(mod n)
for certain values of a that are coprime with n (but not for any
value of a) may supply examples for wequences of sums of equal powers
(Vn) for which nIVh for certain composite values of n. The sequence

=-1

of sums of equal powers of order a+1 for which X =8, Xy=...=X,

is an example for it.
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A NULTIPLICATORY FORMULA
FOR THE GENERAL RECURRING SEUENCE OF ORDER 2

We consider the general recurring sequence of order 2, defined
by

(1) Wy = aWy_,tbW, _,, (=0, "1, £2,0 % )
with arbitrary complex a0, b, WO, Wl’ and also the special case Ul
with the same a, b and :

(2) _ U, =0, U,=1.

Our purpose is to establish the formula

) K : o
= _ Kyi k-1 1 o

(3) wkl{?zguk,l,iwi where uk,l,i‘(i)\aul-i) U;" (k=0,1,2,...)
which, for a constant k>0, expresses the values of W]_'=W,{l
of Wo,..., Wk' .

Putting,wk(m)=Wk+m, m=0, 1, £2,..., which sequence belongs to -
the same a, b, we have the equivalent formula

K . 3
L E :
(3 ) wkl*m > i=0uk,l,iwi+m (m=o’ =1 ta’.-.)

and, in particular,

in terms

%
(3") Vier® = §§§ux,1,iUi’ Ugel+g = %Eg“k,l.iUi+1'

'i

The formulae (3") were given by H. Siebeck™(Journal fir
Mathematik 33, 1346, 71-76), who, however, considered neither other
sequencesAWl than Ul and Ul : , nor general a, b (which he supposes
to be relatively prime integers) - his nroof being founded on the
theory of continued fractions.

We give two direct nroofs. While the first proof is based on
induction, the second one is heuristic and leads to a generalization
of (3) for recurring sequences of any order, to be published
separately.

és a common base for both proofs we need the formula

(4) Werp = 80 WU W sy
which is easily verified by induction with regard to 1.

Since Wl can be obtained as a linear combination of any two
non-proportional sequences with the same a, b, it is sufficient to
prove (3) for any two such sequences, e. g. to prove (37).




80 wmmmskod Dultiblicatory formula,  ___, R

= SEx=:

oof o "). (3") is evidently true for k=0. Let (3") be true
for a ¢ertain k»0; then we shall prove (3") for k+l. Indeed, noting
that U =(, S )a(¥)=0, we nave, by (4) ana (1),

Ulkr1)l = Ykied

= aly U103 U141

X K
= “U1-1§E§“x,1,1U1*U1%E§ux,1,1U;+1
Ty . k1
: . —i+1 K K-itl i
= ?2%‘?"a01-1)k ' UllUi*Eég(i,1)(aul—1) Uy Uy
kr1 %
= Eég“x+1,1,iU1‘

Ur1)1+1 = Uxle(1+1)

= aUy U307 90141

. K
% an%Eg“k,1,1”1*U1t1§§§“k,1,1vi+1

k+1 : . . k+l
= Ui%g;“k,l,1—1(Ui+1'bUi)+(aU1-1*bUl)%§§uk,1,1U1+1
k+l k+1 :
K K-1+1 i K (o ykeitko i
. 252(1-1)(3U1-1) Uy Ji+1‘5§§;(1-1)(301f1) . e 9 Uy
x+l ; K+l
Ky k-i+1. i K k-1 i+l
mgbidd ey ) Uy Uyrgtb2 ()80 ) 0
k+i :

= u U .
%2; 1,1, vl

glternatife proof of (3). We consider the two recurring
sequences o« and Bl belonging to the same a, b, whence o, B satisfy
tne equation :

(5) xzxarbx.‘
By (4), with k=0, we have

c 4 .
(6) a =al; _,+7;

Raising both sides of (6) to the power k we obtain (3) for
: >
W aa’. The same is true for B, which, if 4arb240,* that is afB,
proves (3).

formula . 81

As an immediate consequence of the first formula of (3")

K
. iy e Sy
Uit sttt (el plinhl el

it follows that, in case a, b are integers and 1>0, Uhl is divisible
The last result, and the hain formula (3), for 130, (obtained
by the first proof), are seen to be true in an arbitrary number-rings

or abstract ring containing 1, provided that ab=ba; if 1 is divisible
by a, they hold also for 1<O0.

% If 4a+b2=0, that is a=B, we can use the sequences al and lal.
Indeed, by (4), k=0, we have )

(7) 15155 v,
whence by (6) and K(§:1)=i(§),

Kl gy k=1
kla = kaUl(aUl_lfUla)
- (5D (a5 by
—'i-171 %1 L

4 : s ;
< . K k-i. 1, i
= 220D (a0 oy e

We can also say that (3) considered as an algebraical identity
for the variable a, with constant b, k, 1, W, Wy (w2,..., W Up_qs
U1 having been expressed by a, b, Wo’ Wl)’ holds always, since it
holds for af-b/4.
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A SLOWLY INCREASING SZCOND ORDER RECURRING SEJUENCE

warshall Hall (Slowly increasing arithmetic series, Journal of the
London Mathematical Society 8 (1333), 162-166) has given a table of the
first 100 terms of a slowly increasing recurring sequence of order 6,
with complete factorization. Herewith a similar table of order 2 1is
given. There are underlined: primitive factors (that is factors which
appear for the first time), and subsoripts whose corresponding terms
contain only primitive factors (namely prime subscrints n#2,3%,5,13, and
the composite subscripts n=4,6,3,10,15,25,26,39,65,({169), which have no
proper divisors other than 2,},5,13); Compare Poulet, La chasse... 38-40.

U, n Factorization Un=-(2Un_2+Un_1) n Factorization of Un
0.0
g -32756041 51 .271.120871
S _2984537 52 3.53.105.181
=13 68475319 53 68476319 :
j |4 3 -62547845 54 5.17.487.1511 *
6/ -i' B _74404793 55 £3.439.7369
-5/65 199500483 56 3.7.13.29.113.223
R 50690897 57 457.110921
38T -348310069 58 31§.g§§58641
=AfA59 A7 449691863 59 5283,77761
11 8. 7T 246928275 &0 357322g§g§i.§3.89
23 1103 -1146312001 61 1951. G
~45.1I2 3°.5 652455451 62 §1?T4§7T?§§52 .
=113 1640168551 63 7.17.41. .264
91 147543 05945079453 64 3.31.449.70529
-89 15 89 _735257649 65 335257649
-93 16 3.31 6225416555 66 5.206.67.051.2441
271717 27T -5554901257 67 5554901257
-85 18 5.17 -6895931853 68 3.101.137.271.613
-457 19 457 18005734367 69 967.18€20201 |
€27 TO 3.11.19 -4213870661 70 7.11.13.71.211.281
2872127241070 -31797598073 71 31797598073
-1541 22 2387 40225339395 72 3375717757747.10079
967 23 ggz“ 23569856751 73 23369856751 :
2115, 228 3R 547 -103820535541 74 73.2663.504059
-4049 25 4049 — 57080822039 75 89.151.1049.24049
-181 26 181 150560249043 76 3.207.457.607.797
8279 27 17.487 -264721893121 77 7.23.11087.148303
—7917 28 "327513.29 ~36398604965 78 5.79.181.0511.1637
-8641 2y 8541 565842391207 79 4423.127931809
24475 30 5 .11.89 -493045181277 80 3.11.19.31.1201.21121
-7193 31 7193 -633639601137 81 17.487.7937.9719
-41757 32 T.31.449 1624729963691 82 409.1721.2308219
56143 33 23,2441 _347450761417 83 6473.53678989
LB B A0 —-2902009165965 €4 3 .5.7.10.209.41.43.83.167
-139657 35 7371.281 3596910688799 85 271.13272733169 =T
84915 36 3°.5.17.37 2207107643131 86 257.8599.998717
194399 37 73.2683 ~ . -9400929020729 87 8641.1087944569
-364229 38 257797 4986713734467 88 3.23.67.131.1231.668Y
-24569 39 79.3TT 13815144306991 89 340337.40592543
753027 20 3.1T.19.1201 -23788571775925 90 5 .11.17.89.2521.2267¢
-703889 41 469.1721 -3841716838057 91 7.712711.770041
-802165 42 T.7.13.21.43 51418860389907 92 3.3E7.067.5157.5293
2209943 43 257.8599 —  -43735426713793 93 92T.1303.5023.7T95"
-805613 I 3.23,67.131 -59102294066021 94 £603047.22705043
-3814273 45 17.89.25%1 146573147493607 95 %33.457.T€7§§6§361
5025499 48 967.5197 -28368559361565 96 . 5.31.,47.193.449,4993

2603047 47 2503547 ~R264777735625649 97 751943.352124745
- -12654045 48 3,.5.31.47.193 321514854348779y 98 7 .15.97.491.1567.6763

7447951 49 77,97.1567 2028040616902919 99 17.23.2441.217573449
17860139 50 11.20172049 -851070325600077 100 3.11.19.199.301.@5;§.&3§i

THE SERIEZS OF INVERSES OF A SECOSD ORDER RECURRING SEQUENCE

Let

(1) U, =0, U =1, U =PUC o 0 L (n=2?3,4,...; P an arbitrary,
~ vpositive real number)

define a second order recurring sequence. Let

(2) a = P'éﬂ;, b = P+£ﬁf = .

be the roots of the equation

1 E
-3 (8=P%+4)
(3) x2-Px-1=0
It is easy to verify that

2

(_1)n_a_n

a /o
Indeed, (4) holds for n=0,1 and (4) satisfies the recurrence relation
in (1); hence (4) also holds for n=2,3,4,...

n_.n
. 8 =b -
ek Uy = Sasp =

Since &a<b, one obtains |%|<1; hence the guotient

a,nt+il
UnTl . anfl_bn+1 : 1—(3)
Un al-p 1—(%)n

aporoaches, for increasing n,
series of the inverses

(5) g+t + .o vy

the limit b, |b|>1. Therefore the

converges, and one may inquire whether or not it is possible to
express the value of this sum by known functions. This nproblem was

settled by =. Landau1 in case P=1, that is when Uo=0, U1=1,

Jn=Un—1TUn—2 {n=2,3,4,...) defines the Fibonaceci sequence. Landau

separates the series (5) into two sub-series

(6) ﬁL e A AN W
2 Uy Uon
(7) ;; T oy
Y U3 Uonri

and expresses the sums of (6) and (7) respectively by Lambert series
and theta series.

‘The purpose of the present note is to generalize Landau's
results to arbitrary positive real values of 2. While the nroof fér
the second sum is designed on:the same lines as that of Landau,
slightly simpler proof, not involving doubie series,
the first sum.

a
is given for




sy
TAEOREM 1. The series > 1/U2n converges, and
1

. Lo SETL TR
(3) 2 _1/Uy, = VB(L{a%)-L(a"))
1
where
© 0
() Lix) == =
s 1 1-x

is Lambert's series.

PROOF. Since Lambert's series L(x) converges for |x|<1, and
since &

o] = |B=VEZea) 2o V/PReapey g peyfler2)®
g 5 5

3

both Lambert's series in (3) converge absolutely. Therefore we have
by (4)

[ee) 0 2h fee) 2h 4n : [es] 2h o0 _4h
1 ES a a a a
_S 4 = = =S i ) => e -S> 2
VB “1;: 95 7. 146540 T §2peh s lyighh T 1-g°8 T 1.0’

1
A
which- proves (3).

o)
THEOREM 2. The series > 1/U9,,”1 converges, and
= 2t

0 > 3
(10) poph) A Jgez(olﬁlo%%)ea(o]%log%).

0 leo) 2h+1 -
; 4y 4 1
- 3L pren i e R T G R e Bt S

Vi o Y2h+1 o 1+a

a—a3+a5-a7+a9—...

+83 -aar..

+a5 - e == a+2a51—ag+. oo

Since the series 1s absolutely convercent, one can combine
all the terms an, where n ranges over all the odd numbers, and one
easily sees that a term a® appears in 211 the horizontal lines
corresoonding to a divisor d of n, and with the sign vlus or minus,
according as n/d is =1 or =3 (mod 4). Since n/d ranges together with

d over all the divisors of n, we h&ave:
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®
:ﬁ% z%:l/U2h+1 = :Z:anD(n),

wiere n ranges over all the odd numbers, D(n) denoting the excess of
the number of factors of n of the form 4k+1 over the number of those
of the form 4kr3. Now, this excess equals double the number of
decomopositions of n into two sjuares, excepting the case where n is a
square, where 1 must e subtracted. Thus we have

»n

—\j—_- = Z.-in e 2(1ve FalOradn  t(aratraeon. sy (afa?va25), . )
v A o] 2h+

(1f2a4f2a16r2a36f...)(a+a)+a25+...).

[}

Both brackets are theta series, and we have (10).

1) Sur la série des inverses des nombres de Fibonacci,
Bulletin de 1la Société mathématique de France 27 (138993),
278-300.



THIRD ORDER RECURRING SEQUENCES

1. ALGEBRAICAL PROPERTIES. Let us consider the general
recurring seduence (Wn) of order 3, defined by

(1)  Wo=aW _s+bW _ot+eW,_, (n=0, £1,-22,...)

with arbitrary complex af0, b, ¢, W Wi; Wz, and also the special

cases (Un), (Vn), defined by:

o’

(2) U =U,=0, Uy=1, Up=al,_5vdU, oveU 4,
s o - 2 s g
(3) V. =3, Vy=c, Vy=2btc", V, avn_3+an_2+cVn_1. » A

The following result is due to M. d'Ocagnel’i

+W U

n+l "o nt2°
Denoting Wm’ wmtl’ wm+2"" by wo, Wl, Wa,..., that is,

beginning the sequence with W, instead of W,, we can rewrite (4') as

(4') W =aW_,U v(W,-cW )U

’ 2 Wil . '. A T 5
(4) ‘Wm+n'ahm-1UnT\wm+1 cwm)Jn+1*men*2'

It ‘is easy to prove (4) independently. Indeed, noting that
U_1=1/a, U3=c, we easily verify that (4) holds for n=-1, 0, 1, wheunce
{(4) zholds renerally.

For %=U, m=n we have by (2), (4):

- 2
(5) U,y =(2aU, _,+bU )U +UL,,.
For W=U, m=n+1 (4) becomes:

2)

. 18
(6) U =aUs (20, 5-0U,, 4 U -

2n+1
The following special cases are of importance:

1) WO=O, 2) WI=0WO, 3) b=0, 4) c=0.

1) For We=0 (4') becomes:

(7) W, =aW_ U +W U W =0. (The implication = follows for n=0)

2) Tor o oW {4') becomes:

(3) W,=aW_,U +W U W, =cW, . (The implication - follows for n=1)
3) For b=J (5) becomes: :
(2) U2n=QaUn_1UnfU§?1ﬁ»b=O. (The implication - follows for n=2)

=-b/a=0, V_,=(b%-2ac)/a?=-2¢/a. If' V_,=0 then
we have by (7):

If b=0 then V_,
b=-aV_,=0. Thus, putting W =V

n-1
(10) V,_4=-2¢U_+3U _,«sb=0, vel V_,=0.
(The ‘implication = follows for n=0,3)

If b=0 (or, if V_,=0), we have by (3): Vzgeb*°2‘°2=°v  Catning
¥, =V,+; We odtain by (8): i u

(11) VII"'1=3aUnTcUn-r2Hb=O’ vel V_1=O.

(The implication - follows for n=1)
4) For c¢=0 (6) becomes:

(12) U =aU§+2U

2n+1 n+19n+2¢=0.  (The implication + follows for n=1)

by (7):
(13) v

If ¢=0 i o y :
=0 then, by (3), V =c=0, V,=2b. Putting W<V ., we obtain

nr1 =80 T20U) L >c=0. (The implication -» follows for n=1)

- If ¢=0 then, by (3), V1=c=0=cV°. Putting Wn=Vn we obtain by
£5) 1 : ‘

I
(14) T,= bUn+3Un+2«»c=O. (The implication - follows for n=1)
Let A, 3, C be the roots of the equafion

(15) x7-cx?-a=0,

and let us denote: a=-1/(A-C)(B-4), B=-1/(B-A){C-B), Y=-1/(C=B)(a-C).
Then:

aa®+B3%+yCR — Af3fc

(16) U = (4-c)na-1 (a0 _cBy
n 2 <
(A-c)=

A=B4LC

%n(n—l)An‘2 > A=B=C.
(17) Vn=An*anCn.

Indeea i =- =

311 forezu,lslgcelv_l- b/a, Vo—5, V1=c one easily sees that (17) is
: - . Multiplyi R :
Xn=axn—3rbxn—2f el o) {1ng the equation (15) by x 5 we obtain
X, 5t 2 cx " for any integer n, that is the sequences (A")
\o ), (C7), and therefore also their sum (An+Bn+Cn), satisfy the same
rec?rslon relation as (Vn), whence (17). Similarly (16) is shown,
noting that (16) is valid for n=g; =S

Hoting that ABC=a, and that for A£BAC it is atfry=U

aA*BBrYC=U1=O, we easily verify by (17), (16) that el
(13) U, -U. v =a"y_, '

(13) v, -v2--2a%y_,

(20) U2n71-Un+1vn=anU_(n:1)’

(21) v

2n+17Tnea 7=V _(n_y) > e=0.

(The implication —» follows for n=0)




In the case of multiole roots, that is when a is a funetion of
b, ¢, we can say that the formulae (13) - (21), considered as
polynomials in the variable a, with bonstant b, ¢ (Un, Vn having been
expressed by &, b, ¢, U, Uys Uy Vs Vys V2) hold always, since they
hold for an infinitude of values of a.

Formula (13) is the counterpart of the formula Uzn'Unvn=O’
which is of great importance for the arithmetic of Lucas' second
order recurring sequences (Un), (Vn). It shows that thir§ order
recurring sequences have another arithmetic than that of Lucas’
sequences. It would be interesting to determine the value of U2n'Unvn
for apopronriate recurring sequences of higher order.

-

5., ARITIMETICAL PROPERTIES. In what follows e suppose that
a,;aby 83 Wo, Wl’ Wp are integers. Then evidently all the Wn and a?wnn
with n O are integers. We shall say that a fraction P/Q, where P, 2
are integers and Q%O,'is divisible by an integer p, if P is divisible
by p.

It is easily seen that:

(22) If %W, Wy,
no three consecutive Wn, Wn+1, anz have a common »rime divisor

WZ have no common prime divisor coosrime with a, then

coprime with a.
By (7) we have:

(23) -1t WO=O, then any common divisor of Un’ Un+1 also divides wn.
Any orime p coprime‘with aW_1W1 which appears in Un’ Un+1 to
differerdft {positive) highest powers, appears in ¥ exactly to the
lower of the said highest powers. '

By (8) we have:
(24) 1If W, =cW_, then any common divisor of Uy e also divides
Wn. Any orime p coprime with aw_lwo which appears in Un’ Un+1,to
different {vositive) highest powers, appears in Wn exactly to the
lower of the said highest powers.

3y (10) we have:
(25) If b=0, or if V_,=0, then any common divisor of U, U ., &lso
divides Vn-i' any prime p coorime with ¢ which appears in Un, Un+1
to different (oositive) highest powers, appears in Vn_1 exactly to
the lower of the said highest opowers.

8y (11) we have:

(26) 1If b=0, or if V_,=0, then any common divisor of U, Un+2 also
divides Vn+1. Any prime p coprime with 3ac which appears in Un’ Un+?

Third order recurring seguences: g9
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to different (positive) highest powers, appears in Vn+1 to the lower
of the said highest powers.

By (3), (18), (22) we have:

(27) 1If b=0, then any prime p coorime with 2a which anpears in Un’
U§+1 to different (positive) highest powers, &anvears in U2 exactly

to the lower of the said highest powers. If p appears in U£+1 to the
lower highest power, then p also appears in U_n exactly to the lower

highest power.
3y (9), (22) we have:

(28) If b=0, then any common divisor of U also divides U2n'

n-1’ Uﬁ+1
Any prime v coprime with 2a which avpears in Un—i’ Un+1 to different
(positive) highest powers, apvears in U2n exactly to the lower of the

said highest powers.
By (12), (2), (22) we have:

(23) If 0=0, then any common divisor of U2, U , also divides U, ;-
Any prime p coprime with 2a which appears in Uq, Un+1 to different
(positive) highest powers, appears in U, ., exactly to the lower of

the said highest pnowers.
By (13) we have:

(30) If c=0, any common divisor of U , U .4 also divides anl' Any
prime v coprime with 6ab which avpvears in Un’ UnTl to different
(positive) highest powers, appears in an1 exactly to the lower of

the said highest powers.
3y (14) we have: '

(31) If ¢=0, then any common divisor of U, U - also divides V.
Any prime p coprime with 3b which appears in Un’ Un+2 to different
(positive) highest powers, apoears in V  exactly to the lower of the

said highest powers.

By (12), (20), (22) we have:
(32) 1If c¢=0, then any prime p coprime with 2a which apvears in Ui,
U, ,q to different (positive) highest powers, appears in U, .4 exactly
to the lower of the said highest powers. If p appears in Un to the
lower hihest power, then p also apnears in U-(n—l) exactly to the

lower highest power.

1) L. B. Dickson, History of the theory of numbers I, 403.

2) For wW=U, a=b=c=1, the formulae (4), (5), (6) are due to H.
Agronomof, Mathesis (4)4 (1314), 126.
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2.57.71 11502 13.2868857 37295141 62 13.107.6287 8745217 2.3.59 354 2355172328759 13378974390 11231.61 228811 61 11.4909 - D L e
7.1879  -13153 11.4491413 49405543 63 2.19.304867 11584946 2.7.257 3598 2.9803919989 19607839978 71.1657 -117647 62 52.887 -2 S st seaT T TToaTE s
8.5.525 7845 2.5.6544841 65448410 64 2.7.13.37.43.53 15346786 3.7.17.19 -6763 51097.8731801 28736686191 §139.367-255065 65 25.11.857 94270 2523.67. I
. 3456133.53233 42115660581 23773113 346458 64 243213.17-318& 5%.401.5410
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TABLE OF THE DISTRIBUTION OF ZEROS MOD D

R TR F ¥ " p 2 3. 5 2 11 13% 17 9 23 23 31
IN THE BINARY LINEAR THIRD ORDER RECURRING SELUENCES - s S = 165 235~ 331 528 54030 537
(Up:U3:0p) = (B5,04,T5) = (0,0,1) i chaad ks G e R ol e el e ki e e il e A
(vO’vl’VE) = (-VO,Vi,—VZ)= (5)0:2) s 6 IEE2 7 5 6% 18 17 27 25 23 3 12
U =U_ . +U V= V.. a7 w4 2 1 1

“n T dn-? U e O 111 $1d G L dotta oib-at L RV a1

S S B 233 5 3 ?%311 30773 11 . 3,380%3.11° 73711 311 3
L w2 nsl o= TR-2 A 47811841, 320 8i118-08""07 "' BI T2 08' 2% B 29 821 &
Notations: p - a prime. 24 12 20 19 24 .35 13,21 26, . 29414023 227 395730 . 43 22

25 18 26 20 406" 18" 47" 966k 13 71 30 52 ' 32 53 107

P - length of the period mod p. 27 ‘3936 oo 60 31 56 110 63 34 90 91 53 37 159 135

N - number of zeros in th i : 39 27 afr o7 82" S5 B2 96 .95 96. 172 172 167

: ke i p o4 mod 45 ég 66 59 154 105 101 117 33 146 83 184 136

The zeros were calculated by direct cal i i ; 49 3 67 64 165 115 107 127 129 163 183 204 274
¥ direct calculation of the periods i 69 77 13k 121 128 T58 142 131 201 251 313

74 103 185 130 138 130 148 203 213 257 331
87 112 187 200 139 135 176 222 233 268 427
113 113 132 214 141 150 236 237 280 290
122 115 213 246 146 193 253 262 286 305
123 120 248 258 161 217 271 335 297 31k

for V, till p=23, the table was given by E. Malo, L'interméd. des 46

Watls 7 (1900);5 '313.5Fore T, the Sericditod 5 mas given by Marshall ] 57
Duke Mathematical Journal & (1333). 625. 5 | s L

Do 2 SR 7 11 13 17 19 23 29 b = 24
o S . Tt - 125 133 252 289 203 22 298 e iy o)
. s S SO S T T T s B54¥60) - 234204 (327 a5 543 7
5 ik e 22 3 255 255 352 433 403 487
dilge 't “1 TS ey 1NN LRy U e Rt ety s o 265 257 425 443 412 531
2FETPB D B ERA 213 b B2 X6 5. 13 3 B 12 5> L51L 3 266 262 486 461 446 506
a3 6 11 17 1@e1gi¥eon,. 47 00 BAlE Ag 6% 5o 207529 73 ACBa27 268 277 509 465 516 655
33 3 20 23 1640 :39: 62 26 “d5: 82. 79 @7 36 47 85 44 33 273 325 518 528 560 673
16 24 33747963 s46 74°745 1 19%M47 121 u56 68 72 100 %5 107 288 344 635 705
C3UAFI7% 16R2108 T SE ENTI 1ML 139 6D 33 102 108 47 171 336 350 63L4 746
23 30 90 123 B1 26 156 61 4 165 147 71 203 355 371 707 760
3289 101 135 62 131 165 63 142 222 166 133 255 : 361 381 734 812
33 23 107 169 &4 155 173 82 202 276 183 151 233 7275822
35 34 116 31 170 136 107 21) 296 214 215 313 789 840
2; 26 120 lgg igg égg iég ggg ;gg ggi ggg ggz The subscripts of the zeros(a dash 1s drawn between 2 consecutive Zeros]
118 200 224 121 258 341 305 332 332
122 211 241 123 328 345 356 352 334
123w2R 28 005 142 373 346 366 371 353 Sine
125 238 234 167 387 348 400 375 420 SOME SPECIAL_PROPERTIES OF U, V, T, V. The lengths of ,the periods
1427255 7283 176 407 424 436 376 438 mod p of U, V (U, V) are equal, except. for p=23 (p=31). 2|o“+p+1 (all
143 180 431 430 527 378 502 the odd P in the table) or 2|p~-1, except for p=23 {o=31). These
170 452 445 533 402 534 exceptional nrimes are the &lscriminants of scales of relation of the
179 433 453 555 464 536 above recurring sequences. p|V_g,V arVyiqa (@=0,1,., FF. "
133 502 432 573 432 §19 o y . p 3 P v,V v s i
506 511 533 546 643 pIEn'_n+1*°|_kn’_knr1’_xn+3’_kn-4'_kn+1'_p 2V nr 1201V 50 T;S’.n;13'
gg; gg? 2;3 ggg pIUn’Un+1*9|Ukn’Ukn+1’Uknf3’Ukn-a’vkn+1’vkn+11’ plvn’vn-ri"p Vnr30 Vneg:
586 743 663 663 UV 0061 62141 (3n01)>V11(3n+2) V33n-3 (Vo G. W. H. Beerer,

650 3802 633 665

Riveon Lemétematika 5 (1351-2), 12).
701 322 702 6393

711 834 705

751

CONJECTURES. The number of zero
does not exeed the number of zeros in

s in the neriod mod p of_V (V)
the veriod mod p of U (7).

745 8538 707 769
341 367 709 333
871 733 365

If (as for p=31 (p=13,13)) the numbers of zeros in the periods mod p of
U,V (U,V) are equal and_if_al?, a denotine the least positive subscrint
for which »|U_,U (plT,,T , then the numbers of zeros till ka+1

)
gg% gég inclusively afe %Iéo equgl ?5% any ka<?. For which moduli p the periods
37 of V (V) contain a pair of consecutive zerost
7 380
203 3933
361 333

The subscripts of the zeros (a dash is drawn between 2 consecutive zeros)

|
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FACTORIZATION FORMULAE FOR FIBONACCI AND LUCAS NUMBERS
DECREASED OR INCREASED BY A UNIT
The subject of the following lines is to give a complete set
of formulae for the factorization of the numbers Un;1, Vn;1, defined
as follows:
(&) UO=O, U1=1, Un=aUn_2+bUn_1
(2) V°=2, V1=1, Vn=aVn_2+an_1
where a=b=1 (i. e., for the Fibonacci and Lucas sequences).
The sequences (1), (2), as defined above, are special cases of

the general Lucas1 sequences, where a+0, b are arbitrary constants.

Luc332 established for his sequences the following formulae:

( 3 ) Uk+m+ ( -a )mUk_m= Uka
(4) U, -(-a)"0_ = v, U,
(5) Vy,+(-a)"v = v

(6) V,_,~(-a)™,_,=(42+d°)U, 0

(7) Vpp+(-2)"=Us /U

(8) V,p-(-a)"=V, /T
The formulae (3)-(6) can be proved by double induction. First, they
hold for m=1, which follows by induction on k, being wvalid for k=0,
1 and noting that U_,=1/a, Uy=b, V_,=-b/a, V,=2a+b%. Then the
formulae are proved by induction on m, being valid for m=0, 1. The
formulae (7), (8) are easily verified with the aid of the formulae:

(9) U_=6-p")/ (et~ PaERThe®=2n,, . 40050, visatept
where o, [} are roots of the equation xz—bx-a=0 (if =3, then Un=ndp—1,
Vn=2dp). The validity of the formulae (9) may be verified by noting
that they are valid for n=0, 1 and that they satisfy the recursion

relation common to (1), (2).

For a=b=1, i. e., for the Fibonacci and Lucas sequences, we
have the following set of formulae, showing that the factorization
of numbers of the Fibonacci and Lucas sequences decreased or increased
by a unit entirely depends of the factorization of appropriate
numbers of the Fibonacci and Lucas sequences:

\ 10) ULI-].']. -1=U2n‘r>1v'2n'_1 4 ( 10' ) VLm —1=v6n‘/":72n

(11") v

(11) : s N
an+1"1=3057050 .1

T ik
J#n*l 1"‘UEn V2n+1

(12) Ugn+2=t=Usy Vonio (127) V4n+2-1=U3(2n+1)/U2nf1
(13) Upp,z=1=Us oVor g (13") Vypes1=V0, 2 Vonis
(?4) U#n +1=v2n1~1U2n-1 (147) V4n *1=U6n/U2n

(15) Uinvr1"2=V2n Uopey (15') Van+17=Von"ons1

(16} Dynestt=Vapy Uppep (8] v4n72T1=V3(2n+1)/v2nf1
(17)‘U4n+3*1=V2n+2U2n+1 (177) Vun+3™1=30on0+ 20001

The formulae in U with the subscripts #4n, 4nt+l, 4n+2, 4nt+3
follows from (3), (4) putting k=2n+1, m=2n-1; k=2n+1, m=2n; k=2n+2,
m=2n; k=2n+2, m=2n+1 respectively. Similarly the formulae in V with
odd subscripts follow from (5), (6), while the formulae in V with
even subscripts follow directly from (7), (8) putting k=2n, m=2n+1.

+ o F
The.sequences (Un=Un$1), (Vn=Vn;1) are recurring sequences of
order 3 with the scale -1 0 2 -1, i. e. they satisfy the homogeneous
linear i ion: = i »
recursion relation: Xn-—Xn_B*ZXn_l, They also satisfy the

nonhomogeneous linear recursion relation: X =X X
n

¥
n—1* n—2'1'

) » ) ThéOI‘le deS fon.cblon.s I’luméll ues s InDlem t
1 4 Luces i

en
peIlOdlqueS, A.;QEIlcan JOLII‘Ilal of dlabhem&tics pE 18;8), 134-240,

52 Ipidem,'pages 139, 202, formulae (#5),‘(52), (53).




I o
e HE T F) i r
/= Ng [6]¢ % [6(2-
7 / L ~
/ 97
, - : . :
S oy ﬁh:Un+1§ n $h=vn+1 { n
= oo, T =V_-1 n | o -2 ‘
T~k aodbnl B aW s o _a2-t 2 Voo -1
-1 0 Ly 1 BESL T W |'3 03
O i “2yz 2 214752 2l
02 S b 2 2 2 4l 2 2
L 615 80°2.3 3§32 5 3 54
A 10 ¥ 2.5 i bFege 8 12
4 52 17 8 13 6 5 2,3 12 5 eFd
767, 28 7 2%7 9 83 19 B 19
12 7 2,3 46 B 2.23 14 7.2.% 30 7 2,3.5
20 8V a® 75 3 3.5° 22 B2, 1 48 B 273
33 2 3.13% 122 10 2.6é 35 9 5,7 77 9 7,11
54 10 243 9B e B 11 56 10 2°7, 124 10 2333
88 11 2-11 321 1T 3.107 90 11 2.3%5 200 11 25
143 12 14.13 550 13 2°5.13 145 T2 5.29 323 12 17.39
232 13 2529 g4z 1% 2.421 234 13 2.3713 522 13 2,3729
376 14 2747 1363 16 29.47 378" 14 2.3°7 844 TZ 2211
609 15 3.7.29 2206 16 2.1103 ° 611 15 13.47 1365 15 3.5.7.13
988316 Bald 29 3570 17 2.3.5.7.17 988 16 2°13.19 2208 16 253.23
1596 17 293.7.19 §777 T8 53.109 1598 17 2.17.47 3572 17 2719.47
25838, BT 9548 19 2°3.19.41 2585 T8 5.11.47 5779 T8 5773
4180, 19 2o5.11.19 15126 B0 2,3.2521 4182 19 2.3.17.41 9350 19 2,5°11.17
6764 20 2719.89 - 24475 21 5%11.89 6766 20 2.17.199 15128 20 2931761
10945 21 5.11.199 39602 22 2.19801 10947 21 3,41.89 24477 21 3,41,199
17740 22 2,5,721L: 23 64078 23 2.7.23.129 17712 22 243541 39604 22. 279301
28656 23 273199 C3ess 3T 103881 28658 23 2.7.23.89 64080 23 2%3°5.89
AN L 199980 25 29305, 233 46369 24 89.521 103683 Z& 3.17.19.107
75024 25 2433521 291442 BB 24ABDT2Y 75026 25 2.7.23.233 167762 25 2,7.23.521
124592520 213 284 239203 27 3,281,521 121394 26 2,7.13.23.29 271444 26 2%79.859
196417 27 13.29.521 439 -281. . 196419 27 3,233,281 439205 27 5.13.29,233
710646 28 2,3,83.142 2 5= 53
skl B e 9850 29 2.5°13.29.61 317812 28 2%11,31,233 710648 28 25211.421
514228 29 2°11,13.29.31 e S o aat 514230 29 2,3.5.61,281 1149852 29 2°3.11.31.281
SSROAG SN S e dl AUl 3030548 31 2211.31.2207 832041 30 327.47.281 1860499 30 19.18}.541
1346268 31 255.7.11.31.47 1670546 3Z 2.769.3167 1346270 31 2.5.61.2207 3010350 31 2,3.5°7.47.61
2178308 32 2711.31.1597 7851105 35 5.5.7,47.1507 2178310 3% 2.5.61,3571 4870848 32 2°3.23.1103
3524577 335 3.7,47.3571 78210;5 34 26376021 3524579 33 1597.2207 7881197 33 2207.3571
5702886 34 2,3°7.47.107 12782042 Blas B30 00 2y 5702888 34 2°17.19.2207 12752044 34 25919.3469
S sr g e So5a5001 36 5,11128427 9227466 35 2.3°107.1597 20633240 35 2°5.17.19,1597
14930351 36 3%.113.3571 sssssqgé =~ 555 17.19.37.113 14930353 36 1597.9349 33385283 36 53.409.5779
24157816 37 2317.19.9349 OB o By 24157818 37 2.3537.107,113 54018522 37 2,3°107.9349
39088168 38 2°7.17.19.2161 2402322 39 7.0161.9349 39088170 36 2.3%5.11.41.107 87403804 38 2°289.95419
63245985 39 3.5.11.41.9349 L st ¥ IEs 2i1 soeAl 63245987 39 7,37.113.2161 141422325 39 3,5°11,37.41,113
102981 1gn 00 58, 13,454, 8019 0928150 41 2.3.5711.13.41.421 102334156 40 2°29.37.113.211 228826128 40 253,31.61.2521
165580140 41 2.3.5.11.29.41.211 920“48437 I5 1% 35230881 165580142 41 2.7.13.421.2161 370248452 41 2°7.29.211.2161
267914295 I 375.11.41.43, 307 S ol A oo 1t 307 267914297 T3 7.89.199.2161 599074579 TZ 19.1009,31249
433494436 43 2,29.89.199.211 S aaoe06 11 2.3.261399601 433494438 43 2.3.13.43.307.421 969323030 43 2,5.13.89,155,421
701408732 44 2729.211.28657 1000387800 e o 0 2 aes7 701408734 ZZ 2.13.139.421.461 1568397608 T4 2°9901.19801
1134903169 45 89.139.199.461 2537729§Z§ iA 5.137.829.18077 1134903171 45 3,43.307.28657 2537720637 45 3,43.139.307.461
TESESILonouaT: 2547 169, 199. 1105 e e iios 1836311904 46 2°3°7,23.43.307 4106118244 46 22691.1485571
2971215072 47 2,377.25.139.461 BESH T is 157%; 57121 2971215074 47 2,47.1103,28657 6643838880 47 2°3°5,7.23.28657
4507526975 T3 5:139.461.3001 L ’a3“5§7 23. 3001 4807526977 I8 11.101.151.28657 10749957123 Z8 3.17.19.107.103681
7778742048 49 2.337.11.25,101.151 1130000 SRR s s 7778742050 49 2.5°47.1103.3001 17393796002 49 241.47.101.151.1103
12586269024 50 2°3°7,23.90481 L L N o 12586269026 50 2.43.235.521.1103 28143753124 50 2531.12301.18451
20365011075 51 11.101.151.233.521 UGS SEPADE enEdedy sl MO LA 80 20365011075 51 3,5°3001,90481 45537549125 51 53233.521.3001
53951280098, 52 2,11,17,83.101,109. 151, 73681302246, B2, 2.3,122008L 7000 4 32951280100 52 2°5°19.3001.5779 73681302248 52 2.79.859.135721
53316291172 53 2;19.233.521.5779 1}9218§g1370 E; ;5é- e ioaii 53316291174 53 2,3.17.53.109,90481 119218851372.53 23.19.5779.90481
453267571271 3% 75233.521.14503 IRESROTSSEAY be A e 86267571275 54 3°13.29.281.,50481 192900153619 54 3079.62650261
1395583262444 55 253.13.19.29.251.577¢ 3512110004988 cr 5 B=ida7. FEYAGEES 139583862446 55 2.7917.53.109.14503 312119004990 55 2351317.2053.109.281
225851433716 56 2718.577v.514259 S e R e 225851433718 56 2,17.55.59.109.19489 505019158608 56 2,3.83.211.421.1427
365435296161 57 3.13.29.59,261. 19469  B17156183590 57 0515.29 201, 8100 565435296165 57 7514503,514229 817138163597 57 7559.14503.194E9
591286700781 54371 3020 11ARBIL 6210 1aBEABT AZeEl B L 2t d 10 BEeetS 1o sy 591286729880 58 2°5,7%11.31.61,14503 1322157322204 58 2°319.947104099
856722026040 59 2°5.11.51,53.61.19469 2159205485753 59 B s 956722026042 59 2.3°41.2521.514229 2139295485800 59 2°5°11.31.64.514229
1548008755919 B0. 5. 557.2417.1948Y = 13461452508001 €0 107,1078322208, 1548008755921 50 514229.3010549 3461452808003 §0 171§.181.541.1094¢1
2504730781960 61 2°5.11.31.61.3010349 5600748293200 81 £ LEE 2504730781962 61 2.341.557.2417.2521 5600748293802 61 2.3%41.2521.3010349
(Prime-powers are underlined) (Prime-powers are underlined)




A SEQUENCE WITH SEPARATE RECURRENCES FOR ALTERNATE TERIS

THEORHEM. A sequence W satisfying the pair of second order

recurrences
LL) Mon+2=8Won+170Woy
(2) Tonr3™Wone2™@Wanrs

also satisfies the single fourth order recurrence
(3) W_=(btactd)W, ,-bdW,  ,.
In particular,. for bd=1,
1
(%) Wo=(bracrs)W, _-W, 4
which is symmetrical with regard to Wn and Wn-4'

The formula (3) also shows that the sequence W may be separated
into two second order recurring sequences, the one consisting of'all
the terms of W with even subscripts, the other of all the terms with
. 0dd subscriots. Each sequence satisfies the common recurrence

(5) an(b+ac+d)xn_1-bdxn_2f

PROOF. By (1), (2) we have

(L)oot Moo BWopiq £:0W 5 (2) Wopyz= cWopyp* dWonyy
. 3 : & :
(2") aw, ,,=acl, tadW,, , (1') oWy 5=8cW, . FTheW
(1") adW, .= dW, -bdW, , (2") beW,, = bW, 4-bdW,, 4
By the addition of these equations we have B8
t ot SHAY s 1 AT
(3') Wy, o=(bractd)W,y -baW,  , (3") Wy g=(bractd)W, ,-bdW,, 4

(3') and (3") can be summarized together in the single formula (3).

REMARK. In case 2=b=d=1, g=k—2, (1), (2) supply the recurrence
formulae of the sequences (u), (v) investigated by Zevulun Tuchman
and Shraga Kalai, Application of recurring sequences for solving
Diophantine ejuations, Riveon Lematematika 5 (1351-2), 23-31.
According to the statement above these sequences also fulfill the

recurrences (4), (5) in the form (%) W =kW _,-W (5) X SkXioaale s

n-4’ n-1

By starting from these formulae the authors' work could have been
greatly simplifisd.

In case a=1, b=d=-1, c=z+2, (1), (2) supply recurrences of the
'sequence (P) investigated by Eri Jabotinsky, The minimal Tarry-Zscott
problem, Riveon Lematematika 4 (1350), 54 ff.

5
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INVARIANCE OF THE DETERMINANT OF RECURRING SEJUENCES
WITH COIUIMON 3CALEZ

THEOREM 1. For any s reecurring sequences of order s

,(1)’ e wts)
with a common recursion formula
(1) wn+8=aown+alwn;1+...+a W [ (aoﬁo)

s-1"nrs-1
the exoression

al1) yl1) | gl1)

n+l "n+2 urs
‘ 2 2 2
§_1zn(s-1) W£+i Wg,; e Wg,; n{s-1)_1-
51 =(-1) a, Bp
o e & 6 & 0 069 0000 006 06 oo
wis) '(s) '(s)

nrl =aF28 351 onts
is invariant with respect t6 n.

PROOF. Writing, for_brevify, the general row instead of the
whole determinant, we obtain

(-1)n(8'1)a;-nD-(-1)n(§-1)a;n[a W

nr2

o'nfi nvg'

<(-1)0{s=1)_-n
(-1) a, ja ra W r..ota W w see W

own’l s nts n+2 n*s'

=(-1)nls-1)g 0y A5

'nfz nrs

nrs+i

(-1)(nt1)(s-1)_-n
(-1) 8 "nfz wnf} Bt nfsvll'

That is, (_1)n(s-1)a;-nn remains unaltered in value for n, n+l, hence
it is independent of n.

In particular, we have
?HEOREH 2. Por any reeurring sequence (wn) of order s with the
recursion formula (1), the expression

'n 'nfl o wnvs-i

(-1111(:'1) Wn’j, 'n.'z soe 'n?s
I~

80 5 6606006066606 0006066060600066¢

wnfs‘i wn+; e

n+2s-2

is invariant with respect to n.




HOMOGENEOUS AND NONHOMOGENEOUS RECURSION FORMULAE

THEOREM 1. A sequence W satisfying a homogeneous linear
recursion formula

(1? a W, _ ta,W

Fio it i 0
B a _ W, _,ta W =0, aoasé

n-stil s-1"n-1
of order s but of no lower order, also satisfies a nonhomogeneocus

linear recursion formula

(2) D Wy ™D W qTeee¥D W -,te=0, b b_ 40

of order s-1 with c#£0 if and only if a +...ta_=0.

If
L L e Wesaa
anl Wn*a .0 % wn*s
D6 Ireseseionstel tyoqe qageieritotony fe. v suolsde
Wnrs-2 "nes-1 *o0 Wneps-3
Wies-1 Mnrg oo Woyog o

and if Di is the determinant of order s obtained from D by replacing
each of the elements in its i-th column by 1, then

b0=D1’~ LB .bS-1=DS’ c=-D.
PROOF. In order that the system of s+1 simultaneous homogeneous
equations
o5 L TR RO L AL e R
P oWpRAY SD Mot Lokl - SbIIANE.S 6700
bown+s-1*b1wn*s +"’*bs-1Wn+2s—2+c=o
D oMnes’ O3 WntgeaT e o Dg 1 Wping 4700
in s+1 ungnows bo’ reReiy bs-l’ ¢ with ¢#0, be consistent, it is

necessary and sufficient that the determinant of the coefficients
vanish, that is :

Jn wn+1 . o wn*s—l 1 Wn Wn+1 oo a1 1
Wn+1 En+2 i "+ ans % wn+1 Wn+2 " e Wn+s 1
S T s N G L O PR R T ROE PRI K S Tl s\ SN SR S W =
ans-l T'vnw'—s e anzs-z * Wn+s—1 Wn+s et Wn+2s—2 :
Wn+s Wnrs*l cee Woiog g 1 0 Q o ese s O ao+...+as

Homogeneous_and_nonhomogeneou

B T ]

recursion_formulae

S
e e e e e R TP

=D(a°+. .o ‘f'a_s) .

The second determinant is obtained from the first by (1) multiplying
its rows, from the last to the first, by 8oy sy By respectively,
and adding to the last. Since W has, by hypothesis, no homogeneous
linear recursion formula of lower order, it follows, by a result of
Perrin (Comptes Rendus Paris 113, 13934, J)00-3%, according to Dickson,
History of the theory of numbers I, 410) that D#0. Hence aor...+as=0,
winich proves the theorem.

THEORZWM 2. A.sequence W satisfying a linear recursion formula
(2) of order s-1, also satisfies an homogeneous recursion formula (1)

of order s, where-ai=bi-bi_1, b_1=bs=0.

PROOF.
8o Wn-aT® Wy _grgte A W AW =
(bo_b—l)Wn—s*(bl-bo)wnfs+1T"'*(bs41—bs—2)wn-1f(bs-bs—1)wn=
(boWntsfblwn_s*lf...fbs_lwn_lfc)-(bown_sflf...+bs_2wn_1fbs_1wn+c)=

0-0=0; a0=b0£0; asa-bs_lﬁo.

THEOREM 3. A sequence satisfying an homogeneous linear
recursion formula of order s, also satisfies a homogeneous linear
recursion formula of any order higher than s.

PROOF. Theorem 2 for c¢=0.

THHEOREM 4. A sequence W satisfying a homogeneous linear
recursion formula (1) of order s and also the'followinz linear
recursion formula

(3) °own~s?°1Wn-s+1*"'Tcs-lwn-1+aswn'°’o’ °oasﬁo
of order s, also satisfies a linear recursion formula (2) of order
s-1 if b b _,#0, and of order less than s-1 if b b,_,=0, where

bi=ai'°1‘

PROOF.

bown_sf...fb W 1+c=
o)Wn_sT...+(aS_1

aown_sr...+aswn=0-

(a,-c mCg g )Wy _grle W,

s-1 W faswn)=

Teoo
s Ot n-1

THEOREK 5. A sequence W satisfying a homogeneous linear
recursion formula {i) of order s but of no lower order, with

ao+...+as£0, does not satisfy any nonhomogeneous linear recursion
formula of any order.

PROOF. By Theorem 1, W does not satisfy any nonhomogeneous
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recursion formulae of order s-1, and by theorem 2 none of any order
less than s-1. Suopose W satisfies a nonhomogeneous recursion formula
of‘order t>s and none of order less than t. By theorem 3,W also
satisfies & homogeneous linear recursion formula of order t.
Therefore, by theorem 4, W satisfies & nonhomogeneous linear
recursion formula of order t-1, contrary to hypothesis.

- EXAMPLES. Fibonacci's sequence U=0,1,1,2,..., being a recurring
sequence of order 2, with the homogeneous linear recursion formula
Up_p™Uy_1-U,=0 of the non-vanishing scale 1 1 -1, does not satisfy any
nonhomogeneous linear recursion formula of any order.

The sequence of natural numbers, satisfying the nonhomogeneous
linear recursion formula of order 1: (n-2)-(n-1)+1=0, also satisfies
the homogeneous linear recursion formula of order 2: —(n—2)+2(n71)-n=

0, with the vanishing scale -1+2-1=0.
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INDEPENDENCE OF THE LENGTH OF A GENERAL PERIOD MODULO m
IN A RECURRING SEJUENCE OF THE INITIAL.TERMS

Let (Wn) be & recurring sequence of order s defined by

bl = + 1 Frtd et
“nrs T %t

vhere W ,...,W,_, and 8450058 4 are igtegers, and (Wof..-,ﬁs_i)fl-
The terms Wo""’ws—l are called initial terms > and the
coefficients 85s++-52g 4 8re called s c a le of the sequence (Fn)-

as-i?';m-s—i’ aoﬁo’

It is well-known that any sequence (ﬁn) is neriodic in respect
to any modulus m. Here we show that the lenegth of the n»eriod is, in
general, independent of the initial terms. In faot we prove-the
following theorem.

THEOREM. The 1engths of the periods modulo m in any two
recurring sequences (Tn) and (ﬁn) with a common scale of order s are
equal for any m coorime with D and T, where

LSS . W, SRt g 8
p={"1 W W | 5 W, W, L
Woser W aze Mo Vocz ¥s 41° Wosin

PROOF. The theorem is an immediate consequence of the following
two lemmas.

LEMMA 1. If'(wn) and (Wn) are any two sequences of integers such
that the general term in (Wn) multiplied by an integer D is
expressible as a linear combination f with integral coefficients of
terms of (Wn), then any period P modulo m in (Wn) coorime with D is
also a period modulo m in (Wn).

PROOF. Let P be a period modulo m in (W,). Then

D¥ . p=fp,p=f=D¥, (mod m)
Hence, (D,m)=1 implies Wn+Péwn (mod m).

LEMMA 2. If (W_ ) and (Wn) are two recurring sejuences with a
common scale of order s, and if

WO W1 oo W

Dul Wy AW
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then for any n i . med. 15
D"qn=D1WnTD2Wn-r1?' oha +Dswn'rs—1 2=130=(13"-1)/2
2 2 v SREn 0 11 B6.11-17. 17 3 25 7 5
vhere D; 1s the determinant of order s arising from D when one 2 6¥3 ‘803 11.27%F 11§13
replaces its i-th column by 3 11w 3 .18 10j=D ddhaddd A7
ieatis s 2 17279 oW 9. MG 16 4
Wo, Wl’ ceey WS-i' G2 B 1.1V R TGRS 2P EE T I% 15
: 5(03 4714 7 42..2,,0: 24 2
PROOF. The lemma is a2 special case of lemma -2 in the paver 715 1 316 4 0 1 & 1
"Representation of terms of recurring sequences by sums of powers", ig g 13 i; 12 12 13 ? 1§ 1%
below, page 74. ) 127 23 @eid I3RS 14 U50NE
o & 312 315 1 _#:.46 51
REMARK. If Sﬁ=x1r...rxs, where XyseoesXg are the s roots of the 10. 3 ~3718° 12.%8 16. - 6L 5
A g s=1 ) : = 1 .15 13 1o 145 44" 10 ~7
a7 - -...=-a_ =0 % ar
quation x as_lx aO 0 then (Sn) is recurring sequengerf 13 1 17 14 13 13 13 11 6
order s, the initial terms of which can be calculated successively by 1. & 315,42, 4 B35 1D
L4 : : b 14 16 16 11 13 3 2.3
the formula S alsm-lfazsm—ZT'"*am-lslfmam 0, and we have Skp!s,t 5 5 610 11 16 g . 1;
(mod p) for any orime p and any integer k. Thus, in order to calculate & 91 5 9idg 1571848 g
Q= 2a VB8 5 457710 12

the period mod 0 in (Sn) it is, by the last pronerty, convenient to
write the period in columns of leneth p. Then the residues written in
the last row equal, in order, to the residues of the first column on
the left. This oroperty enables us to check after every » residues
whether there is no error in calculation.

Examnles. 7or Sl=0, sta, 53=3’ Snzsn—ZfSn-B the residues are

mod 5 mod 13
P=24x= 2_4 p=183=13271371
00225 0127 122 6.6 5P2¢11 410.2°1 12 3
22,08 1. .2 .3 1. Ssolhy.Bri A0 2robsd2i. 3T 5. %7
30434 312 9 2 31110 6 8 3 111 4 12
22143 2 2 3 41012 1 3 010 910 6 6
02532 5 210 712 4 6 310 9 0 6 92 6
SUPAE WYIELES 90711472 Y37 0p10 "8-10 5
P Yo S411e 9Bl 128100169198 Bz 20d2
10" 3 1 O 4 1°.4-%5 -5..310."% 6.11
fasesnignoy™ 4 Sl pRaqts =g 6 11 12 U
4 w7 6 11,7088 415cl4a2 22 6254 ,8 710
31 310 4 5 ‘1. 9, .10, 2 .3.12 5. :2
312 2 2.-1 4 3\g5i 720 3123772 71
0 2 3 2 5 5 71012 4 3 3% 0 12




REPRESENTATION OF TERMS OF RECURRING SEQUENCES BY SULIS OF POWERS

Introduction. A seguence W=(Wn)=WO,W1,...,Wn,-.- is said to be
a recurring sequence of order s provided sr1 constants
(1) _ 8,8y, 0,8 (aoas#O)
(called scale of W) exist, such that the relation
(2) a W ta W .ta W 0

S I, =
1. ntd s nts
is satisfied for every n.

In particular, the s sequences

(3) 1,xi,x§,...,x?,... {121, .. 8) -
: xl,...,xn being roots of the equation
(4) f(x)=ao+a1x+a2x2+..1+asxs=0
are recurrineg sequences of order s. Indeed, by (4) we have
f(x)xn=aoxn*a1xn*1+a2xn*2f...+asanS=O

which cdoincides with (2) for stxj.

The object of the following note is to show how the terms of a
zeneral recurring sequence W of order s with the scale (1) can be
exoressed as a linear form in the corresponding terms of (3), or,
which is the same, how Wn can be represented as .a sum of equal powers
of the roots of (4).

Lemma 1. If W(O),...,W(r) are rt+l recurring sequences of order
s (rgs) with a common scale (}), and i? the linear relation
[e] - L 2
(5) bown tooato W T '=0
holds for s consecutive values of n (bo""’br beingz constants),

then it holds for every value of n.

Proof. Supoose (5) holds for n=m,m+1,...,mrs-1and consider
the following s+1 expressions:

(o) % eir)

boao WT +...,1~brao ”T :

o) T

boa1 Wm+1 f...+bra1 Wm+1

(r)
boas;lef?_l*...+bras_1w?+§_1

o) T

boas Wm*s +...+bras Wm+s

The first s expressions vanish by the hypothesis of the lemma. The
sums of the corresponding terms Yn each exoression vanish by the
recurrence relation. Therefore, also, the last exoression vanishes,even
after division by aé#o. Thus (5) also holds for n=mts. Similarly one
shows that (5) nolds for n=m-1. Whence by induction (5) holds
generally. ‘
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Lemma 2. If W,W‘l),...,w(s) are stl recurring sequences of

order s with a common scale (1), and if
(i) iefe2) (s)
w Wo Eils Wo
wgi) wggi 5 wgs)
D= A0
(1) 2 (s)
Ws-i ws—l B ws-l

then, for every n, the following linea? relation holds

= Gia Bt g (s)
Dwn = Dlwn +D2Nn r...+DSWn

where Di is the determinant of order s arising from D on replacing
its i-th column by the following terms

Wor Mio sony Wooso

Proof. Provided DAO a solution in XyseeenXg of the said %ind
for the following set of s equations exists

(1) (2) (s)
wo .wo X, tW, x2+...+wo b

el i /aala) (s)
w1 -w1 x1+w1 12’---*W1 Xg
(1) (2) (s)
Ws_1=WS_111+W5_1x2?---*Ws_lxs

Thus the said linear relation holds for s consecutive values of n.
Hence, by lemma 1, it holds for every value of n.

Theorem. If W is a.recurring sequence 'satisfyine (2), and if
the equation (4) has s distinet roots X35 X5, -+, X, then

S
n n n
(6) DW, =D, X, *DyX,*. . . +D_xg
holds, where
q 1 1 Shrid
Xy X, x3 cee X
2 2 2 2
b < x x cee X = > _ _
D = 1 2 3 s (12 xl)...(xs xl)...(xs xs-l)

s-1 _s-1 _s-1 s-1
x x5 15 cee X
is the Vandermonde of the roots and D_i is the determiv<at of order s
obtaired from D on revlacing its i-th column by the followine terms

Woo Wy won, W,

If among the roots there are groups of egual roots, one
replaces in (6) every k equal powers of the roots by theirconsecutive
derivatives (beeinning with the one of order zero, i.e. the function
itself).-This nroness obviously includes the former. In case all
roots are equal one obtains a Wronskian. -
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oot X.
Proof. The sequence of oowers of any r i
3 B

(7) brgBagadeTiogri

2). Each k-fold root

i urrine sequence satisfyine (2) :
is, by (4), a recurring f\k_l)(x). sy

of f(x) is also a root of £'(x), £™{x), ..., : Taus s
sequence of derivatives of (7) of an order not exeedine Xx-1 also

: : . -
satisfies (2). The corresponding determinant D is different from

zero. Hence, by lemma 2, the result.

ordered set-of integers,
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ARITHMETICAL PROPERTIES OF SUMS OF POWERS -

1. Introduction. For each polynomial,

n n-1

.n
p(x) = x tax +...+an = I‘I(x-xv),

V=1
we define sq(p)=x}+...+xg (a=1, 2, 3,...). It is known that if all
the ai's are integers, then so are all the si's. We will say that an

(1), 8(2) e . s Sln),
has the property P provided there exists a polynomial p, having
integral coefficients, for which S{i)=s,(p) (i=1, 2,..., n).
The following criterion concerning the sums S; is due to
Jénichen [1]:
The set S has the property P if and only if the congruences

;:u(d)s(m/d) =0 (mod m)
dim

(mel;. 2, v, ;. .0}
all hold.

2. A generalization. The purpose of the first part of this note
is to prove the following generalization of Jé&nichen's criterion.

THEOREM 1. The set S has the property P if end only if the
congruences

Ll %E:f(d)s(m/d) = 0 (mod m)
m

all hold, where f is an arbitrary integer-valued function satisfying

the conditions

(2) £{1) = %1,

(3) :%:f(d) £ 0 (mod m)
d|lm

(mel, 2,..., 1}

(m=1, 2ye00y 01}

In particular, f may be an arbitrary multiplicative function
that satisfies (3) whenever m is a power of a prime, such as M&bius'
function i and Euler's function ¢ [2]. The example f(1)=1,
%%:r(d)=-m for m>1, whence f(2)=-3, f(3)=-4, £{6)=0, shows that the

m

conditions (2), (3) do not imply that f is multiplicative.

COROLLARY. If f is an arbitrary integer-valued function
satisfying the conditions

{50 ) :%:f(d) = 0 {(mod m)
dim

then, for sums of powers sq(p),

(1) %;%r(d)sm/d = 0 {(mod m)

for each mpil,

for each m>1.
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In order to prove Theorem 1 and the corollary we need the three
lemmas that follow. All the functions involved in these lemmas are.
defined for m=1, 2,..., n, where n is an arbitrary positive integer.

LEMiA 1. If f(m), g(m), R(m) are three functions satisfying the

conditions
(4) g(1)R(1) = %1,
(5) (d)R({m/d) = 0 (mod m),
dim

) Eﬁ f(d)R(m/d) = 0 (mod m),
(el dim
then also 53
{7) - F(m) = f{d)g'(m/d) = 0 (mod m),
[7) n %’.{.‘n
where g' is the Dirichlet reciprocal of g, that is, %%:g(d)g'(m/d)a

m

1, 0 according as m=1 or m>1.

Proof. Relation (7) is evidently true for m=1. Suppose (7) is
true for every divisor d<m of m. Statement (7) imvplies
f(k)=>_r(d)gik/d). Hence

ajx
0 a?t(d)R(m/d) =%%F(d')g(d/d')n(m/d)
m i
! > F(m/d)g(da/4d')R(d")
ATTS norsos
;:F(m/d)d dg(d/d')R(d')

dim

F(m)g(l)R(l)f%d &mr(m/d)zd d.g'(d/a')ra(d')
m, .

£F (m) + “(n/d)Q(d).4d' (a) = +F(m) (mod m)
d|m,d<m

(Q, ?' integer-valued).

LEMA 2. If f(m), g(m), R(m), S(m) are four functions
satisfying the conditions (4), (5), (6) and -

(8) '%g(d)s(m/d) =0 (mod m),

then also

(7") > f(d)s(m/d) = 0 (mod 'm).
djm g

Proof. By Lemma 1, we have

& a/a')s(a’)
%f(d)s(m/d) %F(m/d)dé d:g( /a')s

= ;(m/d)Q(d)-dQ"(d) = 0 (mod m)
dim

(Q, Q" integer-valued).

In particular, for R=il Lemma 2 implies
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B e e e TP P P e

LEMMA 3. If f(m), g(m), S(m) are three functions satisfying the
conditions

(4t ) g(l) = &1,

(5') E%:g(d) =0 (mod m),
m

(6') - %;;f(d) = 0 (mod m)

and (8), then also (7') hold.

Proot of Theorem 1 and Corollary. The theorem and corollary
follow by Jénichen's criterion from Lemma 3 by, first, putting p for g
and, second, putting f for g and p for f.

CONVERSE OF THEOREM 1. Suppose that f is a number-theoretic
function such that every set S has the property P if and only if (1)
holds. Then f satisfies (2) and (3').

Proof. (3') is obvious, taking p(x)=x-1, whence S(m)=1. To prove
(2), suppose f(1)At1. Then there exists a prime m dividing £(1). Now
we can choose a set S which satisfies (1) but does not have the
property P. For example n=7, S(m)=0 for m=1, 2,..., m-1, S(®)=1,
which implies that the congruences (1) hold for each mgn. But, by
Jénichen's criterion, this set S does not have the property P, since
we have H(1)S(m)+u(n)S(1)=14 (mod =).

3. The apparition of orime factors. The aim of the secohd part
of this note is to prove some theorems on the apnarition of prime
factors in sequences (s_). From the criterion of Jénichen one can,
with I. Schur [3], deduce the following congruences:

(9) g e sy

kp
for every prime p and non-negative integral a. The congruences (9)
can also be written in the following equivalent form:

(10) 5 arly

s {mod p
o

=578 (mod p
kpa+ﬁ kpa

for every positive integral B. Indeed, (10) becomes (3) for B=1. Let
(10) ve true for B. Then by (3)

2 G*B+1)

= s (mod p
kp0+ﬁfl a+p

kp
ané a fortiori

s (11'1)

kp

= 3
ko

Combining the last congruences with (10), supposed true for B, we
have

atB+1 arg (mod p ]
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a+l
s s S (mod p ),
kpq+B+1 kpa

that is, (10) is true also for P+1, which establishes (10).
From (10) we immediately deduce the following theorems:

aEO (mod pY), where p is a2 prime, Y is a
kp
positive integer, a is a non-negative integer and y<atl, then
(mod pY) for every positive integer B.

THEOREM 2. If s

s =0
kpa*ﬁ
In particular, for a=0, Y=1 we have

THEOREM 2.1. If s,.=0 (mod p), where p is a prime, then
s BEO {mod p) for every positive integer B. v
kp ,
THEOREM 2.2. If s, =0 then s Bso (mod p) for every prime p and
kp
every positive integer B [41.

CONVERSE OF THEOREM 2.2. If skpao_(mod p) for an iAfinitude of
primes p then sk=0.

Proof. By (10) we have Sicp =Sk (mod p). Whence, by the
hypothesis of the converse, skao (mod p) for an infinitude of primes

p. Thus sk=0.
4, Remarks. A sequence (sq), no term of which vanishes, does

not necessarily contain all primes as factors. For example, the
2
sequence (Vq=cqfﬁq), where &, B are roots of the equation x™-x-1=0

(V1=1, V2=3, quvq_i
The question as to which primes appear and which do not avpear as

factors in a sequence (s.) with no vanishing term seems to be open

even in the case of (Vq) [61-

The Theorems 2 and 2.1 can be generalized immediately by
putting r for O in the congruences.
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EMBEDDING OF'A QUADRATIC RECURRING SEQUENCE
IN A LINEAR SECOND ORDER RECURRING SEQUENCE

THEOREM 1. The quadratic recﬁrring sequence

A2 2 2
(1) a,, ag-al-Z, a3=a2—2, e an=an_1-2, cee

is a subsequence of the linear second order recurring sequence

(2)  s,=2, s4=a,, oy S 8y8n 4 Bnanas e

and

(3) an=32n—1’

*

PROOF¥. By induction on 1, 1+1 it is easily verified that
(4) - BBy =S gy

since it is true for 1=0, 1. Hence, for k=1,

2
(5) Sy =Sg-2

and in particular
(6) ~&7 a§8smenig

. on 2n-1;_
Now we have a1=sl, and by induction on n:

2 o
=8 _238— _2=S
-1 -
that is (3). n 2t-2

a
n -1
211 1

For a, =3, 4 (1) becomes:

(1.3) 3,7,47,2207,4870347,23725150437407 ,562882766124611619513723647 , . . .

(1.4) 4,14,194,37634,1416317954,2005256546822746114, . . .

These sequences have been applied to test the composition af numbers
of form 2p—1, where p is an odd prime.

THEOREM 2. For terms of the sequence (1), where a; is a positive
integer, we have

7)o e g=-2 (mod a)

(8) 8= 2 (moa an) for k=2, 3, ...

.PROOF. (7) is an immediate consequence of -the definition (1).
(8) is proved by énduction, as follows: the assumption a . =2 (mod a_)
: : } - : n
implies: a ., 4=8 . -2=2 (mod a ). But anre-ai+1-2= (ai-?) -2=2
(mod an). Hence (8). ; '

TAEOREM 3. Any two terms of (1) are coorime or have 2 as their
greatest common divisor, according as 8y is odd or even. .. : .

PROOF. Theorem 2. .
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DIVISIBILITY PROPERTIE% OF RECURRING SERUENCES
CONTAINING VANISHING TERNS
We consider the general recurring sequence (W) of order s22
defined by
(1) Wy=a W, rta W _  te..ta W) g2 iz £™E378.0)

} o 5% .and
with arbitrary fixed complex alﬁo, Byyeees B W, LA » Wg_qs
also the special case (U) with the same a,,..., ag and

(2) UO=U1=--.=US_2=O, Us_1=1.
The following statement holds.
(3) W, =e,W U

m+n m-1-n )
1'(Wnﬁ's-.?"aswnn-s—3"33-1W,:n1-ss-'~l-''""aBWm)Un-r-l
*(ers-j'aswm+s—4'as-1Wm*s-5_""a4wm)Un+2
R
(W 1=2gMp) Unes o
+WhUn*s§1' .
Indeed, (3) can be written as follows:

W U_-W Y

1 -...-WaU
nts-2%s"n" 'mts-3%s-1"n m2'n

(3") Wm+n=wm+s-1Un-.

- oe=W _a U
- Wyrs-2Un+1 " nes-320n+1 "n®57n+1

L St —Wmaq_U

*Wnrs-3Un+2 n+2

toon
+men+é-1'
Summing (3'") bf columns we easily see that (3') holds for .
n=0, 1, 2,+.., s-1, whence (3') holds generally.
The formula'(B)‘for m=0 is due to M. d'chgne (according to
Dickson, History I, 403).
Putting 'in (3) W=U, m=(k-1)n+r, we have:

U, tA,U 4 7AT T o oo th

(4) Ukn+r=alU(k-1)n+r—1 n “1i°n+1
U

nt+2 S—2UII1’S-2

*U(k-l)n+r nt+s-1’

where the A's are polynomials in a's and U's.

In particular, for sz4, k=2, r=2, 3,..., s-2, (4) becomes:

(5) U2n+r=31(r)Un+1+Bz(n)Un+2+‘"*Bs-z(r)Un+s-2’

where the B's are polynomials in a's and U's.

===2iyisibility Dr°9eg&igg=2£=£§s;=§gga=gg§£§;g£25=122;§§£2§=2§£=;;&;g
Putting m=W_=0 in (3), we have:

(6) Wn=coUn*01Un+1+02Un+2+“'+Cs-2Un+s-2’

where the C's are polynomials in a's and W's.
It is supposed now that al,...,as and Wo,...;WS_1 are integers

end that (¥,,...,W__,)=1. Then evidently all the W, and ajW__ with
n20 are integers. We shall say that a fraction P/, where P, 2 are
integers and 40, is divisible by an integer p, if P is divisible by
b kel
It is well-known that (W), being a recurring sequence, is
periodic with respect to any modulus. From this, and noting that zero
“is divisible by any positive integer, we immediately deduce that

(7) Any positive integér is a divisor of an infinitude of terms in
@ recurring sequence one term of which vanishes,

Not?ng that UO=U1=...=US_2=O, we have:
(3) For any positive integer p there exists a positive integer n
such that p is a common divisor of Un, Un+1""’ Un*s-Z'
(3)  Anv common divisor of U Uipyignioneacy Upyg-p CODPrime with 8, also

divides Ukn’ Uknrl""’ Ukn+s-2 for any integer k.

Indeed, putting in (4) r=0, 1, 2,..., 8-2 successively, we see
that (3) holds for k if it holds for k-1. But (2) holds evidently for
¥=1, and hence it holds for any k21. Since (U), for a modulus conrime

with a5, is also periodic backwards, it also follows that (93) holds
for k<1.

From {(5) we have:

(10) For s»#4, any common divisor of U
divides U

U ooy, U also

n’ “n+1’ n+ts-3

2n’ U2nri""’ Uan+s-4'
From (6) and (9) we have:

(11) 1f Wt=0’ then any divisor of Un’ Un+1""’ Un+s-2 also divides
Wkn+t‘
DEFINITION. The least positive integer n_such that U s, U

n nt+1?
" Un+s~2 are all divisible by a positive integer p we shall call

the rank of-apparition of p in (U).
ér2) Any common divisor p of Wm, Un’ Un+1""’ Un+s-2 also divides
m-n*

For, by (3), p also d?vides U_p U-nfl"“"U-n+s-2'.Hence'
Teplacing n by -n in (3), we obtain (12). ’



116 Divisibility properties_of rec. seg._gontaining vanishing terms_  _
TS E T S EEESSEEEESEEEEEEEEEE

s e s s e S T S S TS S S S S S S ST EESEEEE

(13) If n is the rank of apparition of a positive integer p coprime
with a, in (U), then any number N such tnat.UN, UN+1""’ UNTS—2 are
all divisible by p is a multiple of n.

i aaPe BG all divisible
are all divisible

_ For, since by assumption Un’ Un+1""’ U
by p, we have by (2) that Ukn’.Ukn+1""’ Ukn+s-2 4
by p. Now suppose, if possible, that N=kntr, where O<r<n. Then,
putting in (12) W=U and successively m=kn+r, knrrtl,..., kntr+s-2 we
have that’Ur, Uppqoeoer Uppgop 8re all divisible by p, which is

impossible, since O<r<n, and n is the rank of apparition of p in (U).

LEMMA. Let n be the rank of apparition of a nositive integer o
coprime with a, in (7), and let P be the length of the veriod modulo
0. Then n<P/{d-1), where d>2, implies ngP/d.

For, if it is supvposed that n=(2/d)rr, where r>0, we have by
assumption (P/d)+r=n<?/(d-1), whence r<P/d(d-1). Thus, by (3): Uy, .=

= = i = t=20, 1, 2, ains
Usraret=Yan+4=C (mod p), that is, Ugpet=0 (mod p) for ety S
s-2, which is impossible, by the meaning of rank of apparition, since

dr=(a-1)r+r<(2/d) +r=n, that is dr<n.

(14) If n is the rank of apparition of a vositive integer p coprime
with a, in (U), and if P is the length of the period modulo p, then n

is a divisor of 2.
For, should n not be & divisor of P, we could, by repeated use

of the lemma,  deduce that n<P/d for any positive integer 422, that is
ng0, which is impossible, by the meaning of rank of apvoarition.
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NEW FORMULAE FOR FIBONACCI AND LUCAS NUMBERS

The Fibonacci numbers Un and the Lucas numbers Vn are defined by:

(1) U,=0, Uy=1, U =U, _,+U _,
(1) V=2, V,=1, vn=vn_1+vn;2
These numbers satisfy the following relations:
(3) Uppq= H(UAT,)

(4) . Uy _=-3(U,-7,)

(5) Viyq= 3(5U47,)

(6) Vieoq= $(50,-7,)

Proof of (3)-(6) by induction on k, k+1, as valid for k=0, 1.
To prove (9)-(10) the following relations will be used:

(3 _/a a+1

(7) 2141)=(23)-(5549)

8 (3 y_(a+1y, (2 _a+l

(8) (21)=051 I+(55 5)-(55 )

(7) is the for our purposes adapted addition-formula for binomial

coefficients (§)+(bi1)=(311). (8) is obtainable from (7) as follows:

a y_sa+i a
21)=(51 )=(55_4)
By (7) a a a+1
~(539)=(55_5)-(Gi )
Adding side-wise we get (8).

The. purpose of the present paper is to prove for Fibonacci and
Lucas numbers the following formulae which seem to be new. These
formulae were presented to me without proof by Prof. Theodore Motzkin,
not later than 1941, and already then I have essentially proved them,
as given below.

The symbol [n] denotes the greatest positive integer not greater
than n.

THEOREM. For k>1 the following formulae hold:

k-1 ;
N :E :(_1)(1-1)(1-2)/2(k+[(121)/2])U

i=0

(9) U

k i+[i/2]

2k-1

- -1y li-1)(1-2)/2 %+ [(i-1
(10) Ve 20 (-1) (egdfis )/2])v1+[1/2]
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PROOF (by induction on k). The theorem is valid, By e, (2),
for k=1. If it is valid for k, then also for k+1. Indeed, by (3),

1
Uk+1= E{Uk+vk}
By the induction-hypothesis

2k-1

- %{f?"“(_l)(i-1)(1-2)/2(k+[(1;1)/2])Ui+[i/2]

2k-1

_ZE (‘1)(1-1)(1_2)/2(k*[(i§1)/2]’V1+[1/2]}
1=0 5

2k-1
2
= :EE:j( 1) (1-27(1=2)72 k+[(1 1)/21, 1{Ul+[1/21 V]
By (4)

_ ;<C‘"(_1)(1-1)(1-2)/2(k+[(i-1)
il 1
=0

>
. ])U1¥[1/2]-1

Split the sum into two sums;, one for even values of i, the other for odd,

putting 2i and 2i+1 for i
-1

= zz:( S R R PV j{:( (3131005

Exclude the value i=0 from the first sum, inorder to avoid in the sequel

binomial coeff1c1ents (%) with qu?tlve b

k'fl 1 e U
=U_ ;E:( Ll an oJY 31-1{25: -1M508 U5
i

Split the first sum into three sums by (8) and return the value U to
the first pgrtlal sum

K

} ke, N g dkrioty 1k+i

> E -3 WUsierts datlidaizas!¥Ustes E (-1)7(31-1U355 4
=1 =1

i=0
and the second sum into two sums by (7)
k i
> (-1) (‘*1)U S Ll
i=0 i=0

Put in the second and third sums i+1 for i

e—d

k+i <+1 k+i+l
2{:( 117517005y ‘;_( T3 2{:( D HE sz

j{:( 1) (k+i

2{:( Sk Eska i %
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i
e
I~

Add the first, second and fourth sums, and the third and Tifth

k
k+1 i r1+i
EE:( 2k ( +§ :('1)1(2Z+11)U31+1
i=0

SYRLS eae (4 (1oipfephices) + [bis1) 2]
p i=1){i=-2)/2,{k+1)+[{i=-1)/2
- (-1) ( i WWisri/2]

By (5)
1
Vier1= 315UV}

By the induction-hypothesis
2k-1 :
%{5 g (_1)(1-1)(1-2)/2(kf[(1;1)/g])U

i+[i/2]
i=0

2k-1
G b _
_ZE (-1){1-2)C 2)/2(k+[(iii)/zl)vi+[i/2]}

i=0

2k-1
- :g :( 1y (1-1) (- 2)/2 kr[(i- 1)/2]) (s

-7 }
irfi/2
- (/27 1r [1/2]

By (6)
2k-1 .
) :§::(_&)(1-1)(1-2)/2(k+[(1I1)/2])v

i -
- +[1/2 -1]

It is no more necessary to continue the calculations in V, since
the fourth sum is similar, except for the sign, to the fourth sum in
U. Since in the sequel of the calculations in U no use was made of the
initial values of U, all the calculations will be valid if one puts in
them V for U, and consequently we get a formula entirely similar to
the final formula in U, but with an opposite sign, and this is exactly
what should be obtained. The proof of the theorem is thus completed.
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