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‘ STANFORD UNIVERSITY

STANFORD, CALIFORNIA 94305

L COMPUTER SCIENCE DEPARTMENT

May 18, 1970

Mr. Neil J. A. Sloane

¢/o R. L. Graham

Bell Telephone Laboratories
Murray Hill, New Jersey O797hk

Dear Neil,

I have just had my first real "success" using your index
of sequences, Tinding a sequence treated by Cayley that turns
out to be identical to another (a priori quite different)
sequence that came up in connection with computer sorting.

The copy of your index that I have was a relatively early
version; for example it doegsn't contain the sequence of prime
powers. What is the current status of the index? Do you have
definite publication plans yet?

Cordially,

o busirt

Donald E. Knuth
Professor

DEK:hl

"~

Telephone:
415-321-2300
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Y- Prof. John Riordan

Rockefeller University
ITew York, N. Y. 10021

Dear Jonhn:

The following problem must be well known but I ves unsuccessiul
in lecating any recent references; perhaps you can help me. Let T
n
be the number of outconces of a tournament with ties allowed; for

examole, T5 = 1% Dbecause the outcomes for players 1, 2 , 5 arc:

1=2=3% , 1=2<3 , 3<1l=2 , 1l=3<2 , 2<1ls=

ASN
-

<3<l , <L , 3<2<1 .
It is not hard to prove that ﬁ(?)Tk = 21, so that

n o 1 2 L 5

Tl 33 15 75 ML ... Aé}o

I looked up this sequence in Neil Sloane's table and found that Tn was

o

given by Cayley (Papers, vol. L, p. 113) as the number of ordered
(i.e., planar) trees with ntl terminal nodes all at the some level;
other levels contain no terminal nodes and at least one bronch. There

L]

s an inberesbing one-to-one correspondence between the outcome of

e

- P, R S 4 [Eicirt 35 Lanes 2 PO - i -
an neplayer convest and an {n+l) ~termainal tree in Coyloy's sconse:

—= T 5 € o

Start with one node labeled 0 . Lebt the result of the contest be
Si < 82 < eee < Sm vhere the S's are nonanpty disjoint scets whos

union is [1,2,...,n} , representing tled players. Then do thc\following

for k = 1,2,...,m ¢ If the labeled terminol nodes now present arce

0 = bl < b2 < 0ol bj , split Sk into sets Tl,TE,.},,TJ 80 %hq@
bl < Tl < b2 < T2 < ..._<'bj < Tj 3 and replace node bi by \

< /\\ )C}q cadi 4 = 41 }



Prof. Joan Riordan -2 - - April 28, 1970

For example, suppose the outcome of the contest is

2=2k<5=29<3<1=7T=8<6

thcn we have \
K =1 A\ K =2 A\
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Cayley states that the result can be expressed in terms of Stirling

mmbers of the second kind, becouse of the gencrating function
R} ' {2 X
ZTnX/n.zl/\ - €

which is an fmmediate consequence of the recurrence. In fact,

-3

X ) - Ny
?1{20((3 —l) = 3, nX /ui

is eguivalent to

n
Tn = T {m} mt
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Prof. John Riordan -

a relation which can be obtained immediabely from the original statement
of the problen since {i} ig the number of ways to partition n players
into m nonampby classes. The generabing function also gives an
interesting series not mentioned by Cayley;

T

n n'-((ln-2)"n"l+2 7 Re((2nki+ In 2)'“‘1)) s

k>1

O

which shows the asymptotic behavior.

Have you seen anything published on Tn since Ceylcey?

Best regards

Donald E. Xnuth
Professor

DEK/pw



