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If w € C[0, 1] 1s convex, fhen v defined by

z_)(x)=lf u(l) dt, 0 <2 £1,
Z Jo

v(0) u(O),

i= ulso convex.

Iroblem 67-3, A Definite Integral, by M. LaAwrRENCE GLassER (Battelle Memorial
[nstitute).

Lvaluate
1
I(z) = f exp { —aM(z, u)} du,
70

where
M(z, u) = {cothzu + cothz(l — w)}™
The integral has arisen in.a study of the magnetic susceptibility of an electron
_gas subject to a weak periodic potential.
Problem 67-4, A Double Sum, by L. Carvitz (Duke University).
Show that

S r + s\ m—{—n——r—sz_l 2m + 2n + 2
EE(7T)( ) -3( )

m —r 2m 4 1

Problem 67-5, “Up-Down’ Permulalions, by D. J. NEwmaN (Yeshiva Uni-
versity) and W. WersspLuy (AVCO Corporation).

Show that

S
sect + tant = Z R
n=0 'ﬂ'
where 4, denotes the number of “up-down’” permutations of 1, 2, --- , n (e.g.,

A, = 5 corresponding to 2143, 3142, 3241, 4132 and 4231).
SOLUTIONS
Problem 60-12, A Sorting Problem, by WavLteEr WEIssBLUM (AVCO Corporation).

The first step in a method commonly used in computing machines for sorting
a sequence Z, ¥z, - - - , T» of random numbers is to break the sequence into.
strings

(271,"',1?1”), (x,,l+1,---,a:,.2),---

such that (z;, - -, Z»,) is the longest initial monotone string (either increasing
or decreasing), (ZTn,+1, - * - , Tns) is the longest subsequent monotone string, ete.
In order to estimate the time required for the sorting process it is necessary to
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= f Jusc(at) di. The problem arose in the solution of the transient response of
0

an m-derived electrical filter problem.

Problem 68-10, Rank and Eigenvalues of a Matriz, by SyLvax Karz (Aeronutronic
Division, Philco-Ford Corporation) and M. S. Kvamrin (Ford Scientifie
Laboratory).

Determine the rank and eigenvalues of then X 2 (n = 3) matrix || 4, |}, where
A, = cos (r — s)6 and 8 = 2x/n. This problem arose in a study of electroma,g-
netic wave propagation.

SOLUTIONS

Problem 67-5, “Up-Down” Permulations, by D.J. NEwMAN (Yeshiva University)
and W. WersssLum (AVCO Corporation).

Show that
sect 4+ tan i = ZA t,
n=0 n!
where 4, denotes the number of “up-down’’ permutations of 1,2, --- , n (e.g.’

A, = 5 corresponding to 2143, 3142, 3241, 4132 and 4221 ).

Comment by H. W. GouLp (West Virginia University). The “up-down” per-
mutations are nothing but the familiar alternating permutations which were
enumerated in closed form by D. André as long ago as 1879. A detailed exposition
of the method is given by E. Netto, Lehrbuch der Combinatorik, 1927, pp. 105-112,
where various references in the literature are given. Netto shows how to find a
suitable recurrence relation for A, , the number of alternating permutations, how
to set up a generating function, and finally how to obtain in fact (p. 112),

(1) sect+ta.nt—ZAt

=0 Nl

b

which 1s premselv the relation posed in Problem 67-5. However, since the secant
power serles has only even powers of ¢, the tangent series only odd powers of ¢,
the expansion (1) is separated into two separate series by Netto. It is instructive
to note (p. 111) that the expansion may also be written in the form (due to
André, 1879)
(2) ' tan ( > Z A, —
4 n=0

Explicit values of A, then follow from the well-known expansions for secant
and tangent using Euler and Bernoulli numbers. These may be found in Nér-
lund’s Dzﬂerenzenrechnung, for example. Thus, we have in fact, '

( l)n—l 2n(22n _ 1)
2n

(3) Apy = (—1)"Eon, Az = Bs.,

where Es, and B,. are the Euler and Bernoulli x_lumbers, respectivelv.
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A short table of values of A, is as follows:

ni01 2345 6 7 8 9 10
AT 1 1 2 5 16 61 272 1385 7936 50521

Recently R. C. Entringer has written a paper, A combinatorial interprelation
of the Euler and Bernoulli numbers (published in the Nieuw Archief voor Wis-
kunde (3), 14(1966), pp. 241-246), in which he obtains the explicit result (3)
above giving a detailed treatment using recurrence relations and generating func-
tions. Apparently he was unaware of the work of André and of Netto, for his only
reference is to a paper by A. J. Kempner (On the shape of polynomial curves,
Téhoku Math. J., 37 (1933), pp. 347-362) in whieh the problem of alternating
permutations had been posed and only the recurrence relation developed.

Also solved by J. W. Brssman (Scope Inc.), L. Carritz (Duke University),
L. Carraz and R. A. Scovirik (Duke University), P. G. Coxsa (IBM Corp.),
R. C. EnTrINGER (University of New Mexico), S. S. Kapur and D. R. CeanD
(Lockheed-Georgia Co.),U. LyuNGH (Research Institute of National Defense),

A. MiLewsgkl (IBM, France) and the proposers.

Problem 67-6, A Trigonometric Inequality, by J. N. Lyness (Argonne National
Labor_gtory) and C. B. MoLgr (University of Michigan).

For all real z, show that

@ . 2r
Z (—1)n+1{%}zj—n—z} 20) = 1)2;3)"'.

n=1
Solution by F. W. STEUTEL (Technische Hogeschool Twente, Enschede,

Netherlands).
Setting

-]

S.(2) = 2 (=1 {S"“ ’"”‘}2' awd To(z) = 2 {S‘i’”—"f}

NI ne=l TNe

we then have S,(z) = T.(z) — 2T,(2z). Noting that {(sin t)/t}*" is the cosine
transform of k,(¥), the 2r-fold convolution of the uniform density on (—1, 1), we
can use Poisson’s formula’ for T',(z). This yields

T,(z) +§ = -1—{% ha(0) + i:, b (2)}

x

st = 3= 12(-() -+ ()

Since h,(y) is decreasing in (0, ), it follows that S.(z) £ 1. Since h(y) = 0
for |y | = 2r, it also follows that S.(z) = % for |z | = 1/2r. Interpreting

and hence,

1 E. C. Titchmarsh, The Theory of Fourier Integrals, Oxford University Press, London,

1948, p. 60.
1 W. Feller, An Introduction to Probability Theory and its Applications, John Wiley, New

York, 1966, p. 164.
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