36 THE MATHEMATICAL GAZETTI
NON-ASSOCIATE POWERS AND A FUNCTTONAL

EQUATION.
By I. M. H. ErHERINGTON.

SEVERAL writers™ have studiod zL]g(‘bms in which multiplication is
non-associative, that is. Yz oy It is necessaryt in a non-
associative algcbra to dl\'flﬂ”lll%]l rhc possible interpretations of a
power a7 In a non-commutative non-associative (l](‘(‘bT‘l 2208
unigue 22 calnean e or a2y s wt can mean @ artoa e, atd
e oor o2 e w0 has 14 interpretations ;. @® has 42 emd SO OM.
In a commutative non-associative algzebra, the possible interpreta-
tions are fewer @ 2% is unique ;21 can mean w2 or a??; a® can
mean o a2 or 2203 0% has 6 interpretations ; and so on.
The problem considered here is: how many meanings are there
for o (A) in a gencral non-commutative non-associative algebra ?
(B) in a general commutative non-associative algebra ¢ The answer

L2220 -3)!
to (A)1s A=)
for (B).

Tt mav be observed that (A) is cquivalent to asking how many
meanings there are in general inordinary aleehra for a2, e,
where cach colon stands for anv non-commutative non-associative
process, such as subtraction. divizion or exponentiation.

(AY The number of interprclations of
mutalive non-associalive algebra.

Let «, denote the required numbar of interpretations.

1 am not able to find any such simple formula

inoa general non-com-

Sinee a7

can arise in any of the ways o, a2 20 p5en=% o0 e we
have at once for n>-1
=, Ul o (Tl NS
The left-hand side is the coefficient of 2" in
F ()= -+au -t oad inf

while the right-hand side, for #~ -1, is the cocllicient of ™ in {F ()
Therefore for sufticiently small valuwes of & (assuming the absolute
convergence of the series for A ()]

Flo) =2t (R o (n
Flay=1z i -4

The minus sian must be taken hecause £(0) =0, So

whence

F)=l-Ial—dor=1-1(1-2r+" 2) Jget- ()

the assumption of absolute convergence being justified if | » <]

* 17.q. De Morgan, Trans, Camb. Phil. Soc., 8 (1544, 241 Dickson, Trans. Amer.
Math. Sor.. 13 (1012). 60.  Jordan. Gattingen Nacki 1032, 569 1 1933, 209, deals
with an nppludtmn to Quantum Mechanics. A fortheoming paper by the author
on Genetics uses commutative non-associative algebras.

t Though not in the algebras considered by Jordan.
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Hence a,=cocflicient of x*
I R U B 2 -
TTaoa3 TE) Tl )
Ifnz- 1, “)(_'L 2)!

this=[1.3 .5 .. (2n = 3)]20 1 2=~ .
) wl(n—2)"
a formula which is easily checked for small values of 2.

(B) An attempt to find the wamber of interprclations of 2" in o
gencral commutative non-associative alychra,

The attempt fails because the general term of the expansion
corresponding {o (2) cannot be written down.  However, as the
functional equation (1) which replaces (1) is interesting on its own
acconnt. 1t is perhaps worth while giving 1he details.

Let b, denote the required numiber of interpretations, and let

S@)y=~=T+bpes cad inf.

The inser tmn of -1 \unpllhcs the functional equation which JI‘lSG>
Smm b, «a,, the serics is absolutely convergent when | |-
so fr mav be formally s(uared,
Now 2" can be formed inany of the wavs =1 p2pr-2 3= .
I T ’ non
’l‘}.Q' . ‘t“' s N .o o S . B .
us series terminates with e 2 0 2 0l n ix odd and -1 with o2
if 7 is even.  Henee. tor n>-1, '

bt -

/J)L“ oy ;

4 >

bono1 =010, p 4 bobyy_ st b, 0y,
= half the cocticient of w221 in { £
byu=b1bsy + bobyog i+ Dreabiir+
hadf the coefficient of u2# in { f(a

So the expansions of the functions f(r)
agree from the terms in 2 onwards.
respectively — 1 -+ a2

‘]‘[)n (/) F )

(2) + }~‘+ 1),

and J[{ 1—1}“—]
These (x\pan.smns begm
cand - b4t w0 16 follows

that FO L =w=1{f ()= 12 4] + 4,
that, is, (PR ()4 20=0, ... (4)
or flo)= -~ =2x —j'(:e-'“’). ......................... (3)

When @ is small, we know from (3) that. to a first approximation,
flo)= = 1=f(2?); substituting this in the richt-hand side of (:3 we get

the second approximation feo) = < = 20 =1, f(a?)
stwilarly the third approximation is f(r)= -~ —:
and so on. Hener
oy — 13 . S N T TV. BT S S T S A s
J(x)= 1 oo s 20 e 2t s e ] (6)
N>

where each / sign covers all that follows it.

Abandoning the attempt to find b, explicitly by expanding this
generating functlon let us consider the function itsclf and the
various other fun(tmm which satisfy equation (4) but not (3).
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Suppose we assign an arbitrary value to (o). Then from (4) we
can caleulate in succession f (). f(we), f(r), .o 5 and the (possibly
infinite) limit of this sequence gives cither f(0) or [z ) according as
|| < or = 1. This shows that the functions which satisfyv (4) are
of two kinds, those for which f(0) exists and those for which f(o)
exists, In fact it will be found that no curve of the system y=f(x)
crosses the boundaries w= = 1.

" Consider first the functions for which f(0) exists.
three tvpes : for (4) gives {f(0)}24 /(1) =0, so that

fi=0, -1 or —=.

These are of

When o is small, let the first approximation he f(r) =/
Lo et 102 I J=n
Substituting in (3), we get as the sceond approximation

flo)y= =~ =20 — k¥, fla?)= - =2 et

Yor () 1o be real the term in ade must predominate, so a< ;
and in order that the two approximations for f(r) should agree,

k= - 1. Iterating as hefore,
. . , , o Ly N N
Sy \hm e N e s la .(8)
N--n

where cach o sign covers all that follows it The three types (7)
correspond {0 ) a>0, =0, 0 ; and =0 gives (6).

The functions for which f(=) exists are found in precisely the
same wayv,  Assuming f(r)~/Aet for larze oowe reach by iteration

the same formula (8), but now e~ -1,

If o -0, the right-hand side of (8) has a factor Jo. Writing
floy=12"Ju, the formula becomes
Y= —lim g+ (o2 2Ny (9a)

N -z
where 0 is the operation defined by Ot= — 2+t Tnverting (9a),

| 1

x= lim (¢ )')'-—’.“'; N (10a)

N—x

where df=2+ 2. Similarly for a-<0, writing Fy=2Zy~x.

Z = — lim NERAREE looN (9b)
N—-%
1. 1
v i (G (22— 2) e 2N (10b)
Novog

The curves y=f(z) can be traced from these formulae (5)-(10)
combined with (4). The varions types are shown by the continuous
lines in the figure. When oo << 0 or == L, the curve has two branches.
If f(2?) in (4) is taken to mean ‘“ onc value of f(+2) 7, then all the
radicals in (8) and (9) can be taken as ““plus or minus ™. (Most of
the radicals have to be taken positively to yield a real value of f(x).)
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With this generalisation the curves continue as shown by the dotted
Jines in the figure.  The zeros of f(x) can be calculated from equa-
tions (10) by putting ¥=0, Z=0. These equations also show that
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for x=w , r=-1; and that for «=1 the curve hecomes the line
at infinity plux the origin. Actually, when a=1%, the process of
ileranion terminates and gives the solution f(:u):]v\x:'l', where £ 13
one of the (imaginary) roots of &2k 4220, I.M. H E

1103. ... \We have had many catlier promises that the Government needed
niore tinte for the eonsideration of Mr. 3——"3 proposals time that has been
idinite.  (In faet, it has had the latest proposals before it for ncarly four
let)xatlxs.);_l[zznca‘us/m- Cuardian 1ieelly, November 20, L9306, p. 402, ¢. 3
[Der Mr, . W Ashby Swith.]
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